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PREFACE 


This  thesis  represents  the  conclusions  gained  from  an  inten¬ 
sive  and  analytical  study  of  written  records  of  work  done  in  alge¬ 
bra  by  several  hundred  pupils.  The  primary,  and  most  important, 
source  of  information  consisted  of  285  exercises  covering  the  en¬ 
tire  course  in  ninth  grade  algebra  and  written  on  eighteen  occa¬ 
sions  throughout  the  school  year,  by  111  pupils  in  the  University 
of  Minnesota  High  School  The  more  than  thirty  thousand  exer¬ 
cise-jobs  of  this  particular  study  were  taken  as  representing  a 
fair  sample  of  the  type  of  work  to  be  expected  of  high  school 
pupils.  A  range  of  ability  was  represented  extending  from  a  low 
I.  Q.  of  96  to  a  high  I.  Q.  of  158. 

The  conclusions  were  checked  against  the  records  made  by  549 
pupils,  from  35  different  schools,  who  wrote  on  94  selected  alge¬ 
braic  exercises  just  previous  to  taking  the  1927  examination  of 
the  College  Entrance  Examination  Board,  and  some  illustrative 
material  appearing  in  th<*  sequel  is  taken  from  that  source. 

A  further  check  was  effected  by  using  45  selected  exercises 
(which  are  given  in  the  Appendix  of  this  study)  whose  treatment 
requires  a  knowledge  of  all  the  algebraic  topics  (except  problem 
solving)  included  in  the  1927  Syllabus  in  Junior  High  School 
Mathematics  by  the  State  Department  of  Education  of  New 
York,  and  comparing  the  skills  that  have  been  listed  with  those 
which  the  exercises  seemed  to  demand. 

In  a  subject  as  old  as  algebra  it  would  be  undesirable  to  at¬ 
tempt  to  employ  phraseology  that  is  altogether  new,  and  that  has 
not  been  done.  Many  of  the  summaries  of  skills  in  their  con¬ 
densed  form  sound  familiar.  An  investigation  of  the  discussions 
preceding  the  summaries  will  reveal,  however,  that  the  basis 
upon  which  the  skills  have  been  determined  is  distinctly  that  of 
the  exercise  of  thought  processes  which  are  naturally  implied  by 
the  numerical  relations  which  the  content  of  algebra  illustrates. 

Early  in  the  investigation,  after  the  tabulation  and  diagnosis  of 
the  detailed  records  of  many  pupils  covering  every  period  and 
phase  of  first-year  algebra,  the  opportunity  was  recognized  for  a 
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predominantly  statistical  report  of  the  type  of  materials  and  re¬ 
lations  of  manipulative  skills  included  in  first-year  algebra.  This 
could  have  been  done  with  great  profit  and  with  relative  ease. 
Inasmuch  as  implications  of  a  statistical  study  are  difficult  for 
the  ordinary  reader  to  appreciate  and  apply,  however,  it  seemed 
better  to  emphasize  not  a  statistical  summary,  but  applications 
to  classroom  procedure. 
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CHAPTER  I 

THE  MEANING  OF  ALGEBRA 

Mathematics  has  been  defined  by  Benjamin  Pierce  as  “the 
science  which  draws  necessary  conclusions.”  There  are  certain 
laws  and  relationships  of  algebra  which  obtain  to  such  an  extent 
that  they  are  capable  of  being  generalized  and  universally  ap¬ 
plied.  Within  well-defined  limits  there  is  in  the  laws  and  processes 
of  algebra  certainty  of  outcome.  Within  more  arbitrary  but  fairly 
well-defined  areas,  there  is  substantial  agreement  as  to  what  con¬ 
stitutes  the  topics,  symbolism,  and  general  forms  of  expression  by 
which  algebra  is  defined  and  understood.  The  fundamental  aims 
of  instruction  are  often  vague  at  best.  Even  when  objectives  are 
clearly  outlined,  there  is  still  great  possibility  of  unsatisfactory 
mastery  of  the  content  material. 

We  need  to  obtain  answers  to  the  questions,  Can  the  meaning 
of  algebra  be  reduced  to  terms  that  will  make  its  significance 
more  apparent?  What  values  has  algebra  to  offer  in  terms  of 
modern  teachable  units?  and  What  are  the  psychological,  as  well 
as  the  logical,  relations  of  these  units  to  one  another? 

Algebra  follows  arithmetic  in  the  school  course,  but  it  is 
much  more  than  an  extension  of  arithmetic.  Algebra  introduces 
ideas  totally  foreign  to  arithmetic.  Directed  numbers,  for  in¬ 
stance,  and  functional  relationships  are  new  to  the  person  whose 
acquaintance  with  numbers  extends  no  further  than  arithmetic. 
The  apparently  harmless  statement  that  “algebra  doubles  the 
range  of  number”  only  feebly  expresses  the  truth.  Algebra  not 
only  introduces  new  numbers,  it  gives  new  meanings  to  old  num¬ 
bers;  and  these  new  meanings  have  to  become  significant  in  the 
mind  of  the  pupil  against  the  inertia  of  old  associations  that  have 
seemed  to  be  sufficient  and  complete.  The  pupil  in  algebra  even 
has  to  unlearn  some  ideas  that  he  has  gained  in  arithmetic,  such 
as  the  notion  that  a  fixed  value  is  attached  to  every  expression 
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of  number  value.  The  ideas  of  variables  and  of  dependence  may 
not  be  new  to  the  pupil’s  experience,  but  they  represent  wholly 
new  mathematical  concepts  in  the  transition  from  arithmetic  to 
algebra.  Likewise,  the  equation  may  have  been  used  by  the  pupil 
to  express  a  simple  idea.  Algebra  introduces  a  new  and  different 
use  of  the  equation,  where  it  not  only  expresses  an  idea,  but  it 
also  asks  a  question,  where  it  stands  not  alone  as  the  final  form 
of  expression  of  a  fact,  but  as  a  part  of  an  array  of  related  state¬ 
ments  and  also  of  related  operations. 

Although  the  pupil  encounters  difficulties  in  the  transition  from 
arithmetic  to  algebra,  the  fact  remains  that  he  is  well  prepared 
by  nature  and  ready  for  new  mathematical  concepts  and  a 
changed  emphasis  upon  old  ones.  Where  he  has  formerly  been 
curious  about  things  he  now  begins  to  do  more  reflective  think¬ 
ing;  he  is  becoming  increasingly  anxious  about  values  and  is  in¬ 
terested  in  weighing  relative  advantages  in  ways  that  have  not 
engaged  his  attention  before.  In  other  words,  he  is  impatient  of 
authority.  The  pupil  approaches  the  study  of  algebra  at  an  age 
when  his  experiences,  with  separate  objects  and  events  have 
reached  a  climax  in  the  sense  that  whatever  re.alms  of  thought  or 
space  he  may  traverse,  no  other  period  of  his  life  is  likely  to  be 
so  filled  with  sensations  that  are  productive  of  new  ideas  or  asso¬ 
ciations  in  themselves.  He  may  continue  to  form  new  associa¬ 
tions  but  it  is  extremely  unlikely  that  they  will  be  due  to  external 
stimuli  to  the  same  extent  as  in  the  earlier  years  of  childhood. 
Rather,  new  ideas  or  new  associations,  if  they  do  come,  are 
likely  to  be  influenced  by  the  reorganization  and  modification  of 
ideas  and  associations  that  have  been  acquired  earlier.  In  the 
ninth  grade  the  pupil’s  habits  of  thought  have  not  become  fixed, 
his  mind  stands  upon  the  threshold  of  the  world  of  concepts.  Un¬ 
consciously,  but  often  finally,  he  makes  the  choice  which  de¬ 
termines  whether  or  not  he  shall  be  left  to  the  monotony  that 
eventually  attaches  to  repetition  of  the  same  phenomena,  no 
matter  how  thrilling  they  may  be  at  first.  In  the  high  school  the 
pupil  is  definitely  taking  on  a  philosophy  of  life  which  either  re¬ 
stricts  his  mental  vision  or  enables  him  to  emerge  from  the  na’ive 
world  of  sensations  into  a  new  universe  of  thought  where  laws  of 
quantitative  measurement  and  organization  of  measurable  forces 
give  to  events  and  things  meanings  never  revealed,  by  their  mere 
existence.  To  observation  of  geography  and  science  and  language, 
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and  to  all  other  experiences  of  the  child,  there  may  be  added  ap¬ 
preciation  of  la^vs  not  revealed  by  any  one  entity,  but  whose  uni¬ 
versal  operation,  once  recognized,  frees  the  mind  from  the  burden 
of  attempting  to  interpret  life  in  terms  of  isolated  detail,  extends 
its  control  over  all  nature,  and  enables  him  to  grasp  some  of  the 
significance  of  a  scheme  greater  than  the  apparent  reality  of 
things,  and  ruled  by  order  and  orderliness. 

But  all  this  organization  of  thought  is  of  the  mind’s  own  crea¬ 
tion,  because  its  very  process  of  statement  of  systematization 
puts  into  the  world  something  not  there  before.  Thus  the  earth 
becomes  something  more  than  the  abode  of  physical  and  chemical 
reactions.  With  the  measurement  of  forces  and  the  reduction  of 
their  interplay  to  terms  of  simplicity  through  generalization,  the 
social  heritage  of  the  ages,  of  which  algebra  is  a  part,  enables  one 
to  find  happiness  not  alone  in  variety  of  sensory  stimuli  but  in 
the  infinitely  richer  variety  of  ways  in  which  the  truths  of  mathe¬ 
matical  laws  emerge  from  the  maze  of  ordinary,  and  often  ap¬ 
parently  confused,  commonplaces  of  everyday  existence. 

The  child  needs  algebra  for  what  it  will  enable  him  to  do,  but 
infinitely  more  does  he  need  it  for  the  orderly  way  in  which,  in 
the  midst  of  constant  change,  it  will  enable  him  to  think. 

It  is  one  thing  to  appraise  and  classify  incidents  in  terms  of 
past  experience.  It  requires  a  different  type  of  ability  to  evaluate 
events  and  relations  as  a  part  of  a  universal  scheme  of  organiza¬ 
tion,  where  laws  reign  throughout,  but  both  economy  and  com¬ 
prehensiveness  of  thinking  require  this  ability,  and  it  is  the 
province  of  algebra  to  foster  such  an  attainment. 

In  a  cosmos  where  spiritual  as  well  as  physical  facts  rule,  ideal¬ 
ism  often  makes  mistakes,  but  this  does  not  mean  that  we  should 
abandon  our  ideals.  Rather  we  should  seek  to  refine  them  so  as 
to  facilitate  their  attainment.  This  would  seem  to  be  especially 
true  of  algebra,  which  now,  as  in  the  past,  continues  to  occupy 
the  time  and  energy  of  a  large  proportion  of  pupils  of  high  school 
age. 

For  more  than  a  century  algebra  has  had  a  prominent  place  in 
the  secondary  schools  of  the  United  Stat  es,  and  in  the  literature 
of  this  period  there  are  many  indications  that  the  results  of  its 
study  have  not  been  satisfactory.  Convincing  evidence  1  has  been 

1  W.  D.  Reeve,  A  Diagnostic  Study  of  the  Teaching  Problems  in  High  School 
Mathematics,  p.  101.  Ginn  and  Co.,  1926. 
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accumulated  showing  that  of  the  situations  presented  by  the 
ordinary  textbook  course  in  algebra  many  pupils  master  a  sur¬ 
prisingly  small  proportion  of  the  facts  and  operations. 

In  the  Appendix,  pages  103  ff.,  there  is  presented  a  list  of  45  ex¬ 
ercises  which  were  solved  correctly  by  less  than  50  per  cent  of 
approximately  1,200  ninth  grade  pupils  in  algebra  throughout  a 
school  year,  according  to  the  study  to  which  reference  has  been 
made.  For  convenience,  five  examples  from  this  list  are  given 
here,  with  a  statement  as  to  the  proportion  of  pupils  who  were 
able  to  solve  them  correctly. 

TYPICAL  EXERCISES 1 


Exercise 

Per  Cent 

No. 

The  Problem 

Right 

3 

Perform  the  indicated  operations  and  simplify  the  result 
in  the  following: 

5  2“3a  4a- 

15.8 

5 

7 

Solve  for  r  :  S  =  ■— — 

1  —  r 

21.4 

10 

(2  xamya)'  = 

22.0 

12 

Perform  the  following  operation  and  simplify  the  result: 
7a +  2  4a  — 3  _ 

12a  4a 

22.7 

13 

Solve  for  x  :  n  ~  .  , 

2  —  x  4  +  x 

27.2 

If  an  analysis  is  made  of  the  manipulation  skills  necessary  to 
solve  the  last  problem,  it  appears  that  91.9  per  cent  were  able  to 
perform  the  operation  indicated  by 

9(—  5x  —  2) 

which  is  at  least  as  difficult  as  performing  the  operation  indi¬ 
cated  by  either  5(4  +  x)  or  3(2  —  x) ;  97.3  per  cent  could  find 
the  sum  of  3x  -f  4x,  which  is  very  similar  to  adding  3x  to  5x; 
87.0  per  cent  could  get  the  correct  answer  to  the  exercise: 

Add  +  40,  -  10,  -  30,  +  18,  —23,  -  31,  +  16, 

which  requires  more  sustained  attention  than  any  operation 
required  in  solving  the  given  equation. 

Taken  separately  it  would  appear  as  though  there  were  cer- 


*  From  Section  I,  Appendix  of  this  study. 
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tainly  no  operation  involving  fundamental  manipulative  skills 
that  could  not  be  performed  successfully  by  seven-eighths  of  all 
the  pupils;  yet  the  problem  presented  by  the  situation: 

Solve  for  z:  ^  =  4^ 

offers,  in  actual  practice,  such  a  wide  variation  from  manipula¬ 
tive  experience  and  ability  as  almost  to  justify  the  expression 
totally  different. 

It  is  evident  that  there  is  required  for  the  solution  of  this  equa¬ 
tion  some  ability  or  abilities  not  contained  in  the  so-called  funda¬ 
mental  operations.  What  such  abilities  are,  and  their  relations  to 
one  another,  constitutes  the  main  theme  of  this  dissertation. 

After  occupying  a  prominent  place  in  the  public  school  cur¬ 
riculum  for  more  than  three  generations  there  appears  to  be  noth¬ 
ing  particularly  new,  either  in  the  extent  to  which  algebra  is 
taught  or  in  the  general  attitude  toward  the  subject. 

A  profound  sense  of  its  value,  universal  provision  for  its  teach¬ 
ing,  and  dissatisfaction  with  results  seem  to  have  been  prevalent 
since  algebra  was  made  a  secondary  subject.  The  catalogue  of 
the  University  of  Michigan  for  1866-67,  page  55,  after  listing 
among  “particular  [entrance]  requirements  for  the  classical 
course  .  .  .  algebra,  through  the  first  seven  chapters  of  Ray’s 
Algebra ,  Part  II;  or,  what  is  equivalent,  a  thorough  knowledge 
of  the  subject  through  Quadratic  Equations,  including  the  Cal¬ 
culus  of  Radicals,”  states  further: 

Particular  attention  is  called  to  the  requirements  in  the  pure  Mathe¬ 
matics,  for  admission  to  the  Freshman  Class.  So  abundant  are  the  facilities 
for  preparation  in  these  studies,  and  so  essential  are  the  requirements  to 
success  in  the  subsequent  parts  of  the  course,  that  the  full  measure  of 
preparation  will  be  demanded. 

Imperfect  preparation  in  algebra  is  so  common  as  to  compel  the  con¬ 
viction,  that  insufficient  attention  is  given  to  this  study  in  our  Preparatory 
Schools,  or  that  inadequate  textbooks  are  used.  ...  Nor  is  acquaintance 
with  the  processes  of  the  science  sufficient,  without  a  thorough  knowledge 
of  the  principles  upon  which  these  processes  are  based. 

“Much  water  has  run  through  the  mill”  since  these  words  were 
written  sixty  years  ago,  but  the  statements  sound  modern.  It  is 
seldom  that  a  comprehensive  expression  of  fact,  opinion,  and  ad¬ 
vice  can  retain  its  cogency  for  so  many  years.  Although  criticisms 
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directed  at  algebra  have  never  ceased,  neither  gradual  nor  abrupt 
processes  of  administering  it  have  served  to  change  its  external 
curriculum  status  in  any  marked  particular. 

Something  of  the  extent  to  which  pupils  of  high  school  age 
are  affected  at  present  by  the  content  and  methods  of  the  algebra 
class  is  shown  by  a  study  made  under  the  auspices  of  the  North 
Central  Association  of  Colleges  and  Secondary  Schools  in  1925.3 
In  the  nineteen  states  covered  by  the  territory  of  the  association, 
with  678,935  pupils,  first-year  English  was  the  subject  studied  by 
the  greatest  number,  but  algebra  stood  next,  with  975  enrolled 
for  every  1,000  enrolled  in  first-year  English. 

Significant  as  are  the  revelations  made  by  standard  tests,  and 
desirable  as  are  both  the  mere  ability  to  perform  operations  and 
the  ability  to  comprehend  facts,  the  most  genuine  contribution 
that  algebra  or  any  other  school  activity  has  to  make  is  not  in 
any  kind  of  record  of  performances,  but  in  the  effect  it  produces 
upon  the  pupil.  However  wide  may  be  the  field  for  the  direct 
employment  of  the  results  of  algebraic  processes  themselves  in 
situations  that  are  clearly  defined  as  algebraic,  such  accomplish¬ 
ments  are  small  compared  with  giving  to  the  pupil  an  ability  to 
apply  a  more  discriminating  and  a  more  competent  exercise  of 
judgment  to  his  affairs  generally. 

Abilities  in  the  application  and  organization  of  manipulative 
skills,  rather  than  the  mere  skills  themselves,  seem  to  be  most 
rare  and  most  difficult  to  attain.  In  a  recent  address  before  the 
National  Council  of  Teachers  of  Mathematics,  a  representative 
of  the  engineering  department  of  the  General  Electric  Company 
said  that  there  is  never  any  insurmountable  difficulty  in  handling 
a  mathematical  formula  once  it  has  been  obtained,  but  that  it  is 
exceedingly  difficult  to  find  a  person  who  possesses  sufficient  in¬ 
sight  into  the  meanings  of  mathematical  processes  to  know  when 
and  how  to  apply  them  to  problems  as  they  arise.  This  state¬ 
ment  may  be  taken  as  typical  of  the  idea  that  mathematics, 
fraught  with  figures  as  it  is,  still  feels  the  need  of  a  kind  of 
organization  of  ideas  and  the  application  of  a  congeries  of 
thought  processes  that  have  not  yet  been  reduced  to  a  definite 
basis  to  such  an  extent  that  they  can  be  readily  translated  into 
teaching  practice. 

5  North  Central  Association  of  Colleges  and  Secondary  Schools,  Proceedings, 
1925,  p.  46. 
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Taking  the  results  of  able  statistical  inquiry  that  have  been 
made,  together  with  an  analysis  of  subject  matter,  this  study  will 
achieve  its  purpose  to  the  extent  to  which  it  succeeds  in  bringing 
to  the  attention  of  the  reader  suggestions  for  classroom  pro¬ 
cedure  which  are  based  upon  relevant  information  that  is  avail¬ 
able. 


CHAPTER  II 


THE  NATURE  OF  ALGEBRAIC  SKILLS 

Into  the  accomplishment  of  any  piece  of  work  to  which  it  is 
in  some  measure  difficult  for  almost  any  person,  without  previous 
training,  to  turn  his  hand,  there  enters  an  element  generally 
designated  by  the  word  skill.  Thus  we  speak  of  a  skilled  musician, 
or  a  skilled  watch  maker,  or  a  skilled  mathematician.  Precisely 
what  we  mean  by  this  term  is  obscure.  It  is  comparatively  easy 
to  recognize  the  person  who  possesses  skill ;  it  is  by  no  means  easy 
to  tell  either  what  comprises  the  skill  or  how  it  may  be  imparted 
to  another. 

Because  the  word  skill  is  generally  applied  to  the  ability  to 
accomplish  some  result,  the  term  is  superficially  connected  solely 
with  fact  and  act ,  and  it  must  be  admitted  that  frequently  this 
application  suffices;  but  certainly  this  is  not  true  of  the  artist. 
No  amount  of  scientific  data  with  respect  to  color  effect  or  pro¬ 
portion  or  the  composition  of  paint  or  fabric  is  expected  to  de¬ 
velop  an  artist.  Nor  does  any  amount  of  study  of  sound  waves 
produce  an  accomplished  pianist — not  even  practice  will  do  that. 
In  the  same  way  it  seems  difficult,  if  not  impossible,  to  develop 
by  any  practicable  amount  of  manipulative  experience  alone  a 
comprehensive  and  satisfactory  understanding  of  the  real  sig¬ 
nificance  of  algebra. 

Long  ago  Thorndike  demonstrated  that  a  process  by  which  a 
pupil  performs  an  operation  without  some  definite  sense  of  its 
significance  is  not  in  itself  educative,  yet  that  is  what  constitutes 
a  large  part  of  our  traditional  algebraic  instruction.  A  course  in 
algebra  often  results  in  the  direct  opposite 1  of  economy  in  the 
use  of  thought  processes.  Rather  the  subject  seems  to  be  made  up 
of  a  great  mass  of  isolated  facts  and  operations.  Many  a  pupil, 
after  studying  algebra,  simply  has  that  much  more  “on  his  mind” 
with  the  added  responsibility  of  keeping  it  there  and  the  inability 

1  C.  H.  Judd,  Psychology  of  Secondary  Education,  p.  107.  Ginn  and  Co.,  1927. 
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to  use  the  facts  and  operations  that  he  apparently  does  know. 
Fortunately  this  is  not  true  of  all  pupils,  though  it  applies  to 
altogether  too  many.  The  situation  would  be  discouraging  were 
it  not  for  the  fact  that  in  some  way  a  good  many  pupils  do  ac¬ 
quire  facility  in  the  use  of  algebra  and  the  further  fact  that 
enough  is  known  both  of  the  nature  of  the  learning  process  and 
the  nature  of  the  subject  matter  to  offer  abundant  reason  for  the 
belief  that  much  improvement  would  result  from  a  more  scientific 
adaptation  to  the  mind  of  the  learner  of  the  materials  of  instruc¬ 
tion,  and  especially  from  a  more  specific  recognition  and  empha¬ 
sis  upon  the  fundamental  values  of  algebra  which  include  besides 
the  manipulative  skills,  the  fundamental  skills  of  understanding. 

We  seem  reluctant  to  teach  outright  the  meanings  of  processes.  ^ 
We  seem  to  have  a  feeling  that  it  is  undesirable,  or  possibly  un¬ 
ethical,  to  make  perfectly  plain  just  what  it  is  all  about.  There 
still  resides  in  the  educational  cult  much  of  the  love  of  mystery 
that  surrounds  the  unlettered  medicine  man. 

The  fundamental  processes  of  algebra  are  themselves  social 
heritages,  and  as  such,  understanding  of  their  nature  and  sig¬ 
nificance  is  dependent  upon  thoroughness  of  instruction.  We  do 
not  wait  for  a  pupil  to  acquire  knowledge  of  addition  by  mere 
exposure  to  the  possibility,  or  even  the  necessity,  for  addition. 
Why  should  we  expect  the  pupil  to  acquire  a  real  understanding 
of  the  more  obscure  meanings  of  the  processes  merely  by  exposure 
to  the  processes  themselves? 

Back  of  every  act  that  belongs  to  the  level  of  skilled  occupa¬ 
tions  or  professions  there  seems  to  belong  some  subtle  factor  of 
appreciation  or  a  recognition  of  significance  that  is  not  put  into 
operation  by  any  clearly  observable  external  stimuli  and  that  is 
not  exercised  in  accordance  with,  or  accompanied  by  manipula¬ 
tive  expressions  that  can  be  perceived.  To  this  factor  of  mean¬ 
ingful  significance  as  attached  to  an  act  we  shall  give  the  desig¬ 
nation  of  associative  skill.  To  acts  which  are  self-contained  in 
the  sense  that  their  performance  itself  indicates  the  essential  na¬ 
ture  of  the  mental  processes  which  are  involved,  there  will  be  . 
applied  the  term  manipulative  skill. 

All  this  is  very  different  from  saying  that  an  associative  skill 
cannot  be  detected,  or  even  measured.  Although  it  may  not  be 
observable  in  the  act  to  which  it  is  applied  or  in  which  it  is  exer¬ 
cised,  its  presence  or  absence,  and  possibly  even  its  extent  may  be 
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measured  by  tests  which  are  wholly  separate  from  the  act  itself. 
Thus  one  may  be  called  upon  to  solve  the  quadratic  equation 

x2  +  5x  +  6  =  0. 

It  is  simple  to  determine  the  method,  that  is,  the  manipulative 
procedure  that  is  employed;  but  that  act  conveys  no  intimation 
whatever  of  whether  one  knows  that  x  is  a  number,  or  that  the 
results  obtained  have  any  significance  in  relation  to  the  original 
equation.  The  answers  to  these  questions  are  necessary,  and  in¬ 
dispensable,  if  the  operation  of  solving  the  equation  is  to  mean 
anything  more,  than  the  performance  of  a  more  or  less  physical 
act,  but  the  answers  are  not  found  in  the  mere  act  of  solving  the 
problem ;  nor  is  even  the  presence  of  a  sense  of  awareness  of  the 
questions  or  answers  found  in  the  act. 

The  first  step  in  an  attempt  to  measure  the  skills  of  algebra 
which  are  of  essentially  a  non-manipulative  nature  is  to  detect 
their  presence  as  an  essential  part  of  the  subject  itself,  and  that 
is  the  object  of  this  study. 

Some  research  workers  meet  with  an  almost  irresistible  temp¬ 
tation  to  investigate  only  those  characteristics  of  learning  that 
are  capable  of  statistical  interpretation.  This  urge  has  revealed 
a  great  many  facts  dealing  with  the  rate  and  amount  of  learning 
at  different  ages,  the  extent  to  which  school  activities  cor¬ 
relate  with  actual  life  situations,  and  the  extent  to  which  learning 
under  different  designations,  such  as  mathematics,  science,  lan¬ 
guage,  and  the  like,,  does  or  does  not  embrace  apparently  identical 
elements  of  language  or  form  or  method. 

To  deny  the  benefit  of  the  testing  movement  during  the  past 
twenty  years  would  mean  to  disregard  what  is  generally  con¬ 
sidered  at  the  present  time  as  the  most  outstanding  educational 
development  of  the  twentieth  century.  There  is,  however,  more 
than  a  possibility  that  the  testing  movement  has  placed  undue 
emphasis  upon  the  easily  measurable  aspects  of  the  educational 
processes,  with  consequent  neglect  of  values  which  are  not  readily 
apparent  ;  in  other  words,  that  the  manipulative  side  of  mathe¬ 
matical  learning  has  been  overstressed.  This  is  no  disparagement 
of  the  testing  movement,  because  without  it  the  inadequacy  of 
manipulation  as  an  end  in  itself  might  never  have  been  so  clearly 
revealed. 

Even  in  so  restricted  a  field  as  that  of  elementary  formulas, 
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ability  to  manipulate  does  not  ensure  successful  results.  In  deal¬ 
ing  with  the  Hotz  algebra  scales,  more  than  one-half  (54.4  per 
cent)  of  the  pupils  in  the  Proviso  schools  2  made  mistakes,  not 
in  the  operations  themselves,  but  in  choosing  the  wrong  opera¬ 
tions. 

In  comparatively  simple  activities  outside  of  mathematics 
expertness  is  frequently  not  so  much  a  result  of  any  observable 
or  measurable  act  as  it  is  a  subtle  appreciation  of  some  fleeting 
characteristic  of  the  process.  Two  blacksmiths  may  be  given  the 
same  kind  of  welding  job.  The  work;  of  one  may  be  uniformly 
smooth  and  finished  in  appearance,  while  that  of  the  other  is 
rough  and  inaccurate.  No  amount  of  observation — no  test  that 
may  be  given  to  the  blacksmiths  would  reveal  why  the  differences 
in  the  products  appear,  although  the  differences  themselves  are 
readily  apparent.  By  scientific  inspection  and  analysis  of  the 
material  (in  this  case  iron)  that  is  being  used,  the  precise  reason 
for  the  inequality  of  the  results  may  be  revealed.  In  this  instance 
the  determining  factor  is  the  proper  amount  of  heat  to  be  ap¬ 
plied;  and  this  in  turn  is  revealed  by  the  color  of  the  metal  as 
it  is  subjected  to  the  heat  of  the  forge.  Without  instruction  an 
intelligent  and  observant  blacksmith  will  in  time  acquire  the 
skill  of  striking  the  iron  at  the  proper  time,  but  he  may  attain 
this  skill  much  more  quickly  without  wasteful  effort  if  its  ex¬ 
istence  has  been  recognized  and  its  value  pointed  out  to  him. 
Nearly  everyone  has  observed  that  some  cement  sidewalks  re¬ 
tain  indefinitely  a  hard,  smooth  surface,  while  others  very  soon 
lose  their  surface  finish  and  constantly  give  off  particles  of  sand 
and  dust  as  long  as  they  are  used.  The  difference  between  the. 
sidewalks  may  be  present  when  identically  the  same  materials 
are  used  in  identically  the  same  proportions  with  every  measur¬ 
able  factor  of  manipulation  the  same.  As  in  welding  iron,  the  cor¬ 
rection  comes  not  from  a  study  of  the  operator  who  builds  the 
sidewalk  or  from  a  study  of  anything  that  he  does,  but  from  a 
scientific  scrutiny  of  the  nature  of  the  ingredients — sand,  gravel, 
cement,  water,  which  enter  into  the  composition  of  the  walk. 
Observation  of  processes  in  the  construction  of  a  sidewalk  and 
tests  of  results  reveal  a  great  many  things  about  economical 
operations  of  construction  and  the  utility  of  the  finished  product, 

2  Edwin  Schreiber,  “A  Study  of  the  Factors  of  Success  In  First-Year  Algebra,” 
The  Mathematics  Teacher ,  Vol.  18,  1925,  p.  154. 
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but  the  final  determining  factor  which  gives  a  lasting,  durable, 
and  thoroughly  satisfactory  finish  requires  the  exercise  of  an 
ability  not  contained  in  any  observable  act  of  the  operator. 
Whether  or  not  the  skill  is  employed,  though,  depends  wholly 
upon  the  operator.  The  procedure  requisite  to  secure  the  desired 
effect  is  simply  that  of  applying  the  finishing  tools  at  a  particular 
stage  in  the  chemical  action  that  begins  when  the  ingredients 
are  put  together.  So  far  as  the  writer  knows,  there  is  no  instru¬ 
ment  or  objective  test  that  will  determine  when  the  proper  stage 
has  been  reached;  yet  its  recognition  is  so  simple  that  most 
workers  in  cement  are  able  effectively  to  apply  the  principle. 
Were  there  an  instrument  that  would  replace  the  associative  skill 
of  the  operator,  the  essential  conditions  upon  which  the  exercise 
of  the  skill  would  be  based  would  still  reside  in  the  nature  of  the 
materials;  and  it  should  be  observed  further  that  the  skill  can 
be  taught  and  that  it  is  learned.  Elementary  as  is  the  whole  mat¬ 
ter,  literally  years  elapsed  after  cement  construction  became 
common  before  the  ability  was  regularly  exercised.  For  years  the 
kind  of  a  surface  desired  was  clearly  defined,  but  its  attainment 
was  a  matter  of  accident  or  luck.  The  most  painstaking  care  often 
failed;  careless  methods  sometimes  succeeded.  Now  the  attain¬ 
ment  of  a  single  skill  which  is  itself  non-manipulative,  and  is  only 
slightly,  if  at  all,  dependent  upon  practice,  has  replaced  chance 
by  certainty  and  has  enabled  the  contractor  to  know  that  he 
can  meet  his  specifications. 

The  essential  superiority  of  accomplishment  resides  not  in  any 
act  or  in  the  use  of  special  instruments  or  formulas,  but  in  a 
sensitiveness  to  some  element  of  the  situation  that  results  in  the 
right  action  at  the  appropriate  time.  In  algebra  success  ofteh 
depends  only  in  a  secondary  sense  upon  ability  to  perform  a 
mathematical  operation;  the  real  test  of  efficiency  lies  in  whether 
or  not  the  mind  has  grasped  some  subtle  understanding  of  rela¬ 
tionships  that  sets  the  correct  manipulative  machinery  in  mo¬ 
tion  at  the  right  time.  The  pupil  who  has  learned  that  aX  a  is 
a2,  but  who  writes  x  X  x  as  2x  may  possess  manipulative  skill, 
but  he  certainly  lacks  associative  skill  in  this  particular  situation. 

_  gfl5 

The  pupil  who  reduces  - — -  to  4 a  —  8a5  shows  that  he 


possesses  all  of  the  manipulative  skill  necessary  to  handle  the 
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situation,  but  he  has  failed  to  exercise  an  associative  skill  of 
application.  Likewise,  the  pupil  who  made  a  perfect  record  when 
confronted  by  such  problems  as: 

Add  15a  -f-  la  —  5a 

Solve  2x  =  10 

but  who  was  unable  to  deal  successfully  with  the  problem: 

Solve  18x  +  Zx  —  16x  +  4x  =  18 

demonstrated  that  he  possessed  all  of  the  necessary  manipulative 
skills  that  are  needed,  but  that  he  did  not  have  the  essential  as¬ 
sociative  skill. 

The  manipulative  phase  of  algebra  often  receives  attention  to 
the  exclusion  of  the  associative  skills.  Manipulative  skills  are 
probably  easier  to  teach  than  are  the  associative  skills,  but  failure 
to  incorporate  the  latter  may  account  for  the  difficulty  that  many 
pupils  experience  in  attempting  to  make  desirable  application  of 
manipulative  skill. 

In  algebra  there  seems  to  be  at  the  present  time  scarcely  any 
task  which  can  be  set  that  is  sure  to  be  treated  with  uniform 
success.  Reeve  in  his  Diagnostic  Study  3  found  it  necessary  to 
exclude  only  thirteen  problems  out  of  three  hundred  seventy-one 
because  they  were  too  easy,  although  all  of  the  problems  were 
very  elementary.  Thorndike 4  and  Judd  5  both  state,  in  effect, 
that  algebraic  formulas  encountered  in  physics  or  chemistry  con¬ 
stitute  something  quite  different  in  the  two  situations. 

All  of  this  amounts  to  saying  what  is  well  known — that  pupils 
do  not  acquire  a  fine  sense  of  discrimination,  or  that  they  learn 
only  a  portion  of  what  they  might  learn.  Nor  can  we  explain  the 
failures  of  pupils  in  algebra  on  the  basis  of  intelligence.6  Although 
there  is  a  high  correlation  between  mathematical  ability  and  in¬ 
telligence,  the  correlation  is  by  no  means  perfect  and  exceptions 
of  a  striking  nature  are  frequent.  In  an  intensive  study  of  the  ac¬ 
complishment  of  111  pupils  in  the  University  of  Minnesota  high 
schools,  we  find  that  a  pupil  with  an  I.  Q.  of  158  solved  only 
54.0  per  cent  of  his  problems  correctly  in  tests  extending  through- 

8  Reeve,  W.  D.,  A  Diagnostic  Study  of  the  Teaching  Problems  in  High  School 
Mathematics,  p.  111.  Ginn  and  Co.,  1926. 

1  Thorndike.  E.  L.  Psychology  of  Algebra,  p.  74.  The  Macmillan  Co.,  1923. 

8  Judd,  C.  H.  Psychology  of  Secondary  Education,  p.  140.  Ginn  and  Co.,  1927. 

8  Symonds,  P.  M.,  Special  Disability  in  Algebra ,  p.  62.  Teachers  College, 
Columbia  University,  Contributions  to  Education,  No.  132.  1923. 
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out  the  year,  while  another  with  an  I.  Q.  of  109  solved  81.0  per 
cent  of  the  same  problems  correctly. 

Ten  pupils  with  an  I.  Q.  ranging  from  104  to  116  and  a  median 
I.  Q.  of  108.5  solved  75  per  cent  of  the  problems  correctly,  while 
ten  pupils  with  an  I.  Q.  ranging  from  118  to  158  and  a  median 
I.  Q.  of  121.5  solved  52  per  cent  of  the  same  problems  correctly. 

In  a  study  of  tendencies  the  statements  just  made  are,  of 
course,  without  value,  but  in  an  inquiry  made  for  the  purpose  of 
determining  what  the  subject  itself  has  to  offer  in  the  way  of 
a  challenge  to  the  intelligence  of  the  pupil,  the  study  of  individual 
cases  and,  especially,  the  reactions  of  individuals  over  a  consider¬ 
able  period  of  time  may  go  further  to  explain  the  reasons  for  dis¬ 
crepancies  between  apparent  ability  and  actual  accomplishment 
than  could  be  gained  by  confining  the  study  exclusively  to  aggre¬ 
gate  results,  or  tendencies.7  The  high  correlations  found  by  sev¬ 
eral  investigators  between  algebraic  abilities  and  general  intelli¬ 
gence  causes  these  cases  of  striking  departure  from  general 
tendencies  to  assume  a  significance  that  justifies  inquiry  into  the 
reasons  for  such  instances. 

Coefficients  of  correlation  and  averages  -are  highly  significant  in 
establishing  the  possibility  for  direct  association  between  var¬ 
iables  and  for  establishing  means  of  achievement,  but  no  co¬ 
efficient  of  correlation  is  of  value  in  determining  the  direction  of 
functional  relationship  between  two  variables;  that  is,  in  es¬ 
tablishing  relations  of  cause  and  effect.  These  facts  do  not  in  the 
least  detract  from  the  value  of,  or  the  strict  necessity  for,  statis¬ 
tical  methods,  but  they  do  indicate  a  limitation  that  is  inherent 
in  mathematics  itself  and  consequently  in  all  places  where  mathe¬ 
matics  is  applied.  It  is  worth  repeating  that  the  values  that  accrue 
from  any  mathematical  work  are  not  in  the  mathematics  itself 
but  in  the  manner  in  which  the  subject  contributes  to  human 
conduct. 

Psychologists  would  not  be  any  more  disposed  to  advocate 
the  teaching  of  useless  subjects  than  would  any  other  teacher, 
but  the  laws  of  psychology  apply  equally  well  to  the  teaching 
of  the  timely  and  the  obsolete,  and  to  the  good  and  the  bad;  just 
as  the  laws  of  physics  work  with  utter  impartiality  either  for  or 
against  human  welfare. 

In  a  study  where  manipulation  of  symbols  might  appear  to  be 

T  Symonds,  op.  cit.,  p.  64. 
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the  chief  aim  it  is  possible  that  the  very  minutiae  of  detail,  which 
would  bore  a  bright  mind  that  had  already  grasped  all  of  the  im¬ 
plications  of  a  set  of  exercises,  would  make  a  strong  appeal  to  a 
duller  intellect,  producing,  in  time,  an  indifference  toward  the 
subject  on  the  part  of  the  bright  pupil  and  an  adherence  to  the 
formality  of  stereotyped  procedure  on  the  part  of  the  dull  pupil 
that  would  give  the  latter  a  better  record.  Or  it  may  happen  that 
the  bright  pupil  at  first  finds  memorizing  of  forms  so  much  easier 
than  does  the  duller  pupil,  who  may  be  forced  to  learn  and  com¬ 
prehend  laws  and  principles  simply  because  he  has  not  the  time 
to  memorize,  that  eventually  the  otherwise  bright  pupil  is  over¬ 
whelmed  by  too  great  a  number  and  variety  of  separate  forms 
and  ideas  to  be  carried  in  memory. 

Because  of  the  possibility  for  such  situations  as  have  been 
described,  instruction  which  disregards,  or  considers  as  incidental, 
the  associative  skills,  may  be  relatively  more  unfair  to  the  bright 
pupil  than  to  one  who  is  duller.  The  study  of  individual  behavior 
should  contribute  to  the  discovery  of,  causes  of,  and  remedies  for, 
failure. 

The  physicist  and  the  builder  of  bridges  both  contribute  to  the 
construction  of  better  bridges  to  the  extent  to  which  the  lessons  of 
the  laboratory  are  incorporated  in  the  actual  work.  Likewise,  the 
psychologist  and  the  teacher  of  mathematics;  by  wise  and  sympa¬ 
thetic  collaboration,  utilize  together  the  discoveries  of  the  psy¬ 
chologist’s  laboratory  andTmprove  the  quality  of  instruction.  So 
far  as  the  utility  of  the  bridge  is  concerned,  getting  the  laws  of 
physics  incorporated  into  the  structure  is  a  most  important 
necessity.  So  far  as  the  pupil  is  concerned,  getting  the  benefit  of 
psychology  into  actual  schoolroom  operation  is  of  more  benefit 
to  him  than  would'  be  the  discovery  of  still  more  benefits  without 
their  practical  application.  The  person  who  harmonizes  results  of 
the  theories  and  facts  of  scientific  investigation  with  actual  prac¬ 
tice  is  himself  making  a  reasonable  contribution  to  education. 
Each  type  of  contributor  checks  and  reinforces  the  work  of  the 
other;  both  accomplish  more  than  could  be  done  were  all  the 
emphasis  to  be  laid  in  one  direction. 


CHAPTER  III 


THE  DETERMINATION  OF  SKILLS 

Learning  is  a  precarious  activity,  comparable  only  to  teaching 
in  the  uncertainty  of  its  result.  We  as  teachers  are  told  to  em¬ 
phasize  principles,  to  develop  principles,  to  look  for  transfer  only 
where  transfer  is  taught;  to  develop  the  power  to  generalize,  but 
these  statements  are  rather  abstract  declarations  of  general  aims ; 
they  do  not  tell  the  teacher  what  to  do  to  attain  them. 

All  of  these  goals  are  reached  eventually  by  a  few  individuals, 
but  they  are  attained  through  the  operation  of  methods  that 
expose  the  pupil  to  the  possibilities  of  algebra  and  yet  do  not 
place  him  in  the  way  of  acquiring  algebra  with  either  precision 
or  certainty. 

Of  1,204  pupil£997.5  per  cent  were  able  to  solve  correctly  the 
first  of  the  problems  listed  below;  89.3  per  cent  solved  the  second, 
64.3  per  cent  the  third  and  53.7  per  cent  the  fourth.  These  impor- 

Per  Cent  of 

Problem  Responses  Correct 

(1)  4x  +  5=  17  .  97.5 

(2)  8x  =  5x-j- 12  .  89.3 

(3)  |+2  =  5  .  64.3 

(4)  |  -  5  =  9  .  53.7 

tant  facts  reveal  contrasts  that  are  not  explained  by  difficulties  of 
manipulation,  nor  by  differences  in  principle.  The  principles  in¬ 
volved  in  (1)  and  (2)  and  those  in  (3)  and  (4)  are  identical,  if 
it  is  considered  that  more  than  implies  less  than  and  vice  versa. 
And  it  is  quite  evident  that  if  it  is  ability  to  generalize  or  the 
appreciation  of  principles  that  was  sought,  the  lessons  imme¬ 
diately  preceding  the  test  from  which  these  examples  were  taken 

1  Reeve,  W.  D.,  Diagnostic  Study  of  the  Teaching  Problems  in  High  School 
Mathematics,  pp.  33,  104.  Ginn  and  Co.,  1926. 
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contained  a  large  element  of  failure.  The  manipulative-abilities 
of  the  four  problems  in  order  are: 

In  (1) 

Subtract  5  from  17 
Divide  12  by  4 
In  (2) 

Subtract  5x  from  Sx 
Divide  12  by  3 

In  (3) 

Subtract  2  from  5 
Multiply  3  by  3 

In  (4) 

Add  5  to  9 
Multiply  14  by  3 

If  anything,  the  contrast  in  manipulative  skills  is  more  pro¬ 
nounced  between  problems  (1)  and  (2)  than  between  problems 
(3)  and  (4) ,  since  in  the  former  case  the  subtraction  of  5x  from  Sx 
might  be  considered  as  representing  a  more  advanced  type  of  ac¬ 
complishment  than  the  subtraction  of  5  from  17.  However,  all  of 
the  pupils  dealing  with  these  problems  were  in  the  ninth  grade; 
there  is  some  presumption,  therefore,  in  favor  of  their  ability  to 
perform  these  operations.  Moreover,  the  fact  that  97.7  per  cent 
of  the  pupils  were  able  to  respond  correctly  to  the  direction,  “Sub¬ 
tract  14x  —  3x,”  is  fairly  conclusive  evidence  that  if  the  widest 
possible  allowance  is  made  for  lack  of  manipulative  skill,  that 
circumstance  still  comes  far  from  explaining  the  failure  of  so 
many  pupils  and  still  further  does  it  fail  to  explain  the  range  of 
accomplishment  from  97.5  per  cent  to  53.7  per  cent. 

Without  ability  to  perform  the  necessary  algebraic  operations, 
the  solution  of  these  equations  would,  of  course,  be  impossible, 
but  also  the  solution  is  impossible  for  a  large  number  who  possess 
the  necessary  manipulative  abilities.  Of  the  pupils  taking  the  test 
in  the  ninth  grade  it  is  incredible  to  suppose  that  any  consider¬ 
able  proportion,  certainly  not  35.7  per  cent,  were  unable  to  per¬ 
form  the  operations  in  (3),  which  consisted  of  subtracting  2  from 
5,  and  of  multiplying  3  by  3. 

Evidently  there  enters  into  the  solution  of  a  simple  equation 
some  ability  that  is  outside  of,  and  distinct  from,  the  ability  to 
add,  subtract,  multiply,  or  divide.  To  abilities  of  this  nature  the 
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name  associative  skills  apply,  and  it  will  be  the  aim  in  succeeding 
chapters  to  point  out  some  of  the  specific  associative  skills  which 
are  inherent  in,  and  a  necessary  adjunct  to,  the  understanding  of 
algebra.  The  associative  skills  involved  in  the  four  problems 
above  are: 2 
In  all  the  problems: 

x,  y,  and  z  are  numbers. 

In  (1): 

The  second  member,  17,  is  5  more  than  4x. 

(Therefore  4x  must  equal  12.) 

12  is  4  times  x. 

(Therefore  x  must  equal  3.) 

In  (2): 

The  first  member,  8x,  is  5x  more  than  12. 

(Therefore  12  must  equal  3x.) 

12  is  3  times  x. 

(Therefore  x  must  equal  4.) 

In  (3): 

V 

The  second  member,  5,  is  2  more  than 
(Therefore  y  must  equal  3.) 

3  is  i  of  y. 

(Therefore  y  must  equal  9.) 

In  (4): 

£ 

The  second  member,  9,  is  5  less  than 
2 

(Therefore  ^  must  equal  14.) 

14  is  i  of  z. 

(Therefore  z  must  equal  42.) 

Algebra  Contrasted  with  Arithmetic 
In  their  applications,  either  as  methods  of  thinking  or  to  physi¬ 
cal  situations,  both  algebra  and  arithmetic  ask  the  same  ques¬ 
ts  For  further  detailed  discussion  of  the  associative  skills  employed  see  Asso¬ 
ciation  Skills  of  Interpretation,  p.  59,  and  The  Equation  and  Related  Skills, 
p.  84. 
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tions,  “When  shall  I  perform  a  certain  operation,  and  when  I  do 
perform  it  what  shall  I  get?” 

But  the  answers  are  radically  different.  To  say  that  “algebra 
is  generalized  arithmetic”  conveys  just  enough  truth  to  make  it 
dangerous.  There  is,  to  be  sure,  much  of  arithmetic  in  algebra, 
but  the  arithmetic  of  algebra  is  largely  incidental;  algebra  has  a 
field  of  its  own,  sharply  distinct  from  both  arithmetic  and 
geometry. 

When  arithmetic  asks  its  questions,  “When  shall  I  perform 
a  certain  operation,  and  when  I  do  perform  it  what  shall  I  get?” 
it  expects  only  one  kind  of  an  answer  and  that  answer  is  in  the 
form  of  a  definite  number. 

For  example,  arithmetic  implies  a  question  with  respect  to  the 
multiplication  of  two  numbers  only  in  the  presence  of  a  specific 
situation.  If  I  am  interested  in  the  amount  of  varnish  necessary 
to  finish  off  a  floor  I  may  find  it  necessary  to  multiply  26  by 
14.  The  actual  dimensions  and  the  actual  result  for  this  particu¬ 
lar  instance  are  what  I  want.  In  algebra,  on  the  other  hand,  the 
actual  dimensions  and  the  actual  result  get  squarely  in  the  way 
of  what  we  want;  namely,  the  general  idea  that  any  area  of  any 
rectangle  is  Iw.  Here  there  is  actually  no  operation  at  all,  but 
only  a  relationship  expressed. 

When  algebra  asks  precisely  the  same  questions  as  arithmetic 
it  expects  a  totally  different  answer;  namely,  a  certain  relation¬ 
ship  of  number  symbols;  where  these  symbols  are  arithmetical, 
that  relationship  is  definite;  but  where  the  measurements  are 
symbolic,  that  relationship  is  indefinite  in  the  arithmetical  sense, 
but  wholly  definite  in  an  algebraic  sense. 

To  a  degree  algebra  is  more  simple  than  arithmetic  and  its 
demands  are  more  easily  satisfied.  Where  arithmetic  asks  for  the 
area  of  a  circle  whose  radius  is  4  and  requires  4  to  be  multiplied 
by  4  and  this  product  in  turn  by  3.1416,  algebra  asks  for  the  area 
of  a  circle  whose  radius  is  r  and  is  satisfied  by  writing  the  symbol 
for  r  multiplied  by  r  in  a  certain  relationship  with  n;  nr2  answers 
fully  and  satisfactorily  our  algebraic  question. 

The  contrast  in  the  two  situations  is  not  in  the  element  of 
abstractness,  but  in  the  nature  of  what  is  demanded,  being  in  the 
one  case  a  number,  and  in  the  other  a  process  with  an  indicated 
set  of  operations— a  process  with  numerical  implications.  The 
symbolism  of  algebra  by  its  very  inclusiveness  probably  is  less 
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abstract  than  arithmetic.  To  the  extent  that  algebra  implies  re¬ 
lations  and  results  rather  than  states  them  explicitly,  algebra  is 
more  abstract  than  arithmetic.  When  one  thinks  of  eight  trees, 
that  act  requires  a  tremendous  amount  of  abstraction — far  out¬ 
stripping  the  incisive  form  of  the  expression.  There  is  implied  in 
the  expression  8  trees  not  only  the  idea  of  the  number  8,  but  in 
applying  the  number  to  the  idea  of  trees,  it  is  essential  to  forget 
or  overlook  a  great  mass  of  details,  such  as  shape,  size,  peculiar¬ 
ities  of  bark  and  limbs,  species  of  tree,  and  so  on.  At  the  same 
time  the  expression  implies  keeping  in  mind  the  general  notions 
that  distinguish  trees  from  other  objects,  such  as  posts,  shrubs,  or 
fences.  By  comparison  with  8  trees,  the  expression  8a  might  ap¬ 
pear  simple  and  even  concrete,  especially  if,  as  is  usually  the  case 
in  algebra,  a  is  considered  as  a  number. 

The  same  element  of  abstraction  is  present  when  we  try  to 
think  of  the  price  (or  cost)  of  one  dress  if  two  are  priced  at  $15. 
The  two  dresses  may  be  of  different  color,  different  material, 
different  style,  different  weight,  different  size  even,  the  quality 
dress  is  abstracted  from  all  of  these  by  no  meaps  inconsiderable 
differences  and  for  the  time  being  that  is  all  that  may  occupy 
the  center  of  attention. 

Likewise,  the  question,  When  shall  I  multiply  one  number  by 
another?  involves  elements  of  abstraction,  because  I  shall  do 
this  in  situations  of  the  same  kind,  where  kind  is  wholly  indepen¬ 
dent  of  the  things  involved.  I  shall  multiply  if  I  want  to  get  the 
price  of  5  pounds  of  sugar  at  6.8  cents  a  pound.  I  shall  do  some¬ 
thing  totally  different  if  I  want  to  make  a  batch  of  candy.  It 
isn’t  the  things  themselves  that  give  me  the  cue  as  to  what  to  do, 
it  is  what  I  want  to  do  with  these  things.  But  I  shall  also  multiply 
if  I  wish  to  determine  the  distance  I  can  travel  in  8  hours  at 
25  miles  an  hour.  I  shall  likewise  multiply  if  I  wish  to  check  my 
electric  bill  of  42  kilowatts  at  7  cents  a  kilowatt. 

Algebra  does  not  require  the  pupil  to  become  familiar  with  new 
ideas  of  abstraction  as  far  as  the  things  themselves  or  the  sym¬ 
bols  themselves  are  concerned.  The  especial  feature  of  abstrac¬ 
tion  in  algebra  is  found  rather  in  the  fact  that  algebra  indicates 
processes  and  concerns  itself  with  relations,  whereas  arithmetic 
is  concerned  with  a  single  result  applied  to  a  particular  question. 
If  the  postage  charge  for  carrying  a  package  a  certain  distance  is 
2  cents  a  pound,  plus  a  flat  charge  of  6  cents,  arithmetic  is  in- 
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terested  in  getting  the  amount  of  the  postage  for  a  package  of  a 
given  weight.  Algebra  does  not  require  the  weight  to  be  given. 
Algebra  is  more  liberal,  less  insistent  upon  the  details  of  a  par¬ 
ticular  transaction ;  but,  on  the  other  hand  algebra  is  not  satisfied 
until  it  has  obtained  an  answer  to  the  question  regarding  postage 
that  covers  every  case  of  the  same  kind. 

Arithmetic  requires  one  to  think  through  the  situation  thus: 

The  postage  on  this  package,  weighing  5  lb.,  is  5  X  20  -f  60, 
and  is  not  satisfied  until  the  result  has  been  reduced  to  its  most 
simple  form  for  this  particular  case. 

Algebra  requires  one  to  think  through  the  situation  thus: 

The  postage  on  any  package  weighing  x  lb.  is  x  X  20  +  60, 
and  is  satisfied  with  this  form,  or  it  is  satisfied  to  have  any  whole 
number  substituted  for  x. 

It  is  not  so  much  abstractness  that  differentiates  algebra  from 
arithmetic  as  it  is  the  element  of  gmemlity. 

You  may  wonder  why  the  question  in  the  opening  paragraph 
of  this  discussion  of  Algebra  contrasted  with  Arithmetic  is 
stated  in  the  form  When  shall  I  perform  a  certain  operation ? 
instead  of  What  operation  shall  I  perform ? 

There  'tit very  good  reason  for  the  distinction  and  a  striking 
difference  in  the  implications  of  the  two  questions.  Algebra  and 
arithmetic  do  not  ask  one  to  do  many  different  acts,  but  they 
ask  one  to  apply  these  acts  to  many  different  things  and  in  many 
different  circumstances.  Elementary  algebra  and  arithmetic  re¬ 
quire  of  the  pupil  that  he  shall  be  able  to  perform  just  four3 
manipulative  operations — only  four,  add,  subtract,  multiply,  and 
divide.  What  operation  shall  I  perform f  is,  then,  always  one 
or  more  of  just  four — and  these  have  all  been  learned  and  prac¬ 
ticed  in  arithmetic.  The  operations  themselves  sound  easy  and 
they  probably  are  easy;  but  algebra  is  not  easy.  The  inconsis¬ 
tency  between  such  a  view  of  algebra  and  the  actual  difficulties 
that  we  know  to  exist  in  practice  furnishes  striking  evidence  of 
the  necessity  for  considering  algebra  as  something  more  than,  or 
possibly  different  from,  manipulation.  The  instances  that  have 
been  cited  on  page  4  where  there  is  very  clear  evidence  that 
pupils  possessed  manipulative  ability  but  were  helpless  in  the 

*  The  extraction  of  roots,  or  evolution  as  it  is  sometimes  called,  is  often  listed 
as  a  separate  operation.  Essentially,  however,  the  extraction  of  roots,  and  all 
work  with  radicals,  is  an  application  of  other  fundamental  operations  rather 
than  a  distinct  type. 
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presence  of  a  situation  demanding  very  elementary  organization 
of  the  manipulative  skills  could  easily  be  multiplied.  It  is  when  a 
choice  of  operations  has  to  be  made  or  an  application  is  necessary 
that  the  greatest  difficulties  arise.  Algebra  is  a  subject  that  con¬ 
stantly  requires  one  to  make  fine  discriminations,  to  exercise 
judgment:  it  is  a  method  of  thinking  quite  as  much  as  a  collec¬ 
tion  of  more  narrowly  technical  abilities. 

Probably  the  teaching  of  algebra  tends  toward  overemphasis 
in  two  directions: 

1.  The  “fundamental  operations,”  instead  of  being  fundamen¬ 
tal  in  the  sense  that  they  can  be  learned  as  such  and  then  ap¬ 
plied,  are  more  likely  fundamental  in  the  sense  that  they  are 
essential  throughout  algebra;  but  they  are  best  learned  in  con¬ 
nection  with  their  applications.  Fifty  years  ago  it  was  customary 
to  begin  the  study  of  algebra  with  addition,  subtraction,  multi¬ 
plication,  and  division;  but  that  is  not  the  most  common  practice 
to-day. 

2.  We  put  too  much  teaching  emphasis  upon  problems.  In 
making  such  a  statement  it  is  easy  to  be  misunderstood.  Prob¬ 
lems  and  problem  solving  measure  power  and  furnish  the  most 
ready  types  of  exercise  in  algebra.  We  could  probably  obtain 
the  ability  of  problem  solving  better  by  actually  solving  fewer 
problems  and  discussing  their  implications  more — by  placing 
more  emphasis  upon  the  associative  skills,  and  less  upon  variety 
of  experiences. 

The  problem  (No.  22,  of  the  Appendix,  page  104) : 

E 

Solve  for  r:  C  =  -=r- — 

R  +  r 

which  was  actually  solved  by  slightly  more  than  one-third  of 
1,200  pupils,  contains  an  element  of  difference  as  contrasted  with 
a  —  lw  but  its  solution  contains  no  principle  not  contained  in  the 
PI 

equations:  A  =  ,  where  the  value  of  l  is  to  be  obtained 

and  x  +5  =  9,  where  the  value  of  x  is  tos  be  obtained ;  yet  the 
last  two  were  solved  by  90.8  per  cent,  and  97.5  per  cent  of  the 
_  pupils,  while  the  value  of  r  was  obtained  by  only  36.0  per  cent. 

In  these  problems  there  was  a  fine  opportunity  for  the  teaching 
and  the  transfer  of  associative  skills,  but  apparently  this  teaching 
was  not  done. 
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There  are  certain  exercises  which  are  sufficiently  typical  to  be 
treated  by  themselves  as: 

Solve :  x2  +  ax  +  h  =  0 

Multiply:  (a  +  6)2  .  .  . 

but  this  is  not  true  of  most  problems,  nor  is  it  consistent  with  the 
aims  of  algebra  to  attempt  to  reduce  problem  solving  to  a  series 
of  pigeon-holed  types. 

As  in  geometry,  the  first  work  of  the  teacher  is  to  see  that  the 
pupils  are  acquainted  with  figures,  followed  by  an  appreciation 
of  relationships,  so  in  algebra  the  first  consideration  is  one  of 
symbolism  followed  by  relationships.  The  distinctive  language 
of  geometry  is  the  figure,  the  distinctive  language  of  algebra  is 
the  number  symbol. 

The  symbol  itself  is  capable  of  many  different  uses  of  a  purely 
mechanical  nature,  but  not  until  a  genuine  meaning  attaches 
both  to  the  symbol  and  to  its  relations  to  other  symbols  can  a 
pupil  be  expected  to  deal  with  even  apparent  outward  success 
wdth  any  situation  outside  those  with  which  he  has  established 
direct  contact.  The  pupil  who  obtains  from  3a 2  —  a  2  the  result 
0  because  2  —  2  is  0  is  perfectly  consistent  if  he  has  nothing  more 
than  manipulative  ability  upon  which  to  rely.  It  is  a  fact  that 
2  —  2  equals  0,  and  the  pupil  who  reacts  to  the  example  in  this 
manner  has  reached  a  conclusion  that  is  wrong,  not  because  it  is 
irrational,  but  because  he  has  failed  to  exercise  an  association 
skill  of  interpretation  with  respect  to  the  meaning  of  the  situa¬ 
tion.  As  a  matter  of  fact,  the  context  often  has  more  to  do  with 
determining  a  result  than  do  the  symbols  that  are,  employed.  In 
the  illustration  above  it  happens  that  0  is  not  the  result,  and 
cannot  be  under  any  interpretation,  but  it  is  also  true  that  no 
other  conclusion  that  might  be  drawn  would  be  correct  in  the 
absence  of  further  directive  information.  The  pupil  who  has  both 
the  manipulative  skill  and  the  associative  skill  inherent  in  the 
idea  that  a 2  is  a  number  is  neither  consistent  nor  so  likely  to  be 
satisfied  in  getting  the  result  0.  The  pupil  who  possessed  the  as¬ 
sociative  skill  would  be  obliged  to  resort  to  some  operation  that 
treated  a 2  as  the  number  capable  of  modification,  not  the  2  which 
constitutes  the  exponent.  (See  Associative  Skills  of  Interpreta¬ 
tion,  p.  59.) 
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The  Beginnings  of  Judgment  in  Algebra 

Judgment  is  frequently  evoked  in  the  solution  of  problems  and 
equations  before  a  basis  for  its  application  has  been  established. 
In  solving  for  l  in  the  formula  A  =  lw  there  is,  to  be  sure,  plenty 
of  opportunity  for  the  use  of  judgment,  though  it  is  extremely 
difficult  to  detect  whether  it  is  exercise  of  judgment  or  something 
entirely  different  that  has  been  employed  in  getting  the  “answer.” 

The  pupil  who  writes  l  =  —  may  do  so  because  he  is  keen 

enough  to  observe  that  such  an  arrangement  of  letters  answers  the 
demands.  He  may  do  so  without  any  realization  whatever  that 
he  is  dealing  with  numbers  or  that  any  principles  are  involved. 

w 

He  differs  from  the  pupil  who  writes  l  =  A  —  w  or  l  =  -j  in  that 

one  gets  a  form  that  satisfies,  while  the  other  does  not.  In  such 
cases  one  pupil  is  likely  to  get  a  mark  of  100,  the  other  a  mark  of 
0,  although  neither  has  any  real  understanding  of  algebra ;  neither 
has  used  judgment;  and  both  have  attempted  to  do  a  piece  of 
mental  work  of  the  level  of  grasping  a  door  knob  to  open  the 
door.  Each  has  reacted  to  a  mathematical  situation  only  ex¬ 
ternally.  Had  he  been  rearranging  furniture  or  books  he  would 
have  engaged  in  the  same  kind  of  performance,  but  he  would 
properly  not  have  been  suspected  of  performing  a  mathematical 
operation.  Getting  the  wrong  answer  is  interpreted  as  meaning 
that  something  is  wrong  either  with  the  element  of  understand¬ 
ing  or  with  the  ability  to  perform  operations.  From  the  list  of 
problems  given  on  page  4  it  will  be  observed  that  77.3  per  cent 
of  the  pupils  were  unable  to  perform  the  following  operation  and 
simplify  the  result: 

7a +  2  4a -3 
12a  4  a 

although  93.9  per  cent  were  able  to  perform  the  operations  indi¬ 
cated  by  3(5  x  —  1),  which  is  as  difficult  as  getting  the  result  of 
multiplying  (4a  —  3)  by  3.  Of  these  pupils,  72.4  per  cent  were 
able  to  subtract: 

7  (a  +  b) 

-8 (a  +  6) 


which,  again,  is  as  difficult  as  the  subtraction  of  12a  —  9  from 

7 a  -}-  2. 
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For  a  large  proportion  of  the  pupils  who  correctly  dealt  with 
the  last  two  problems  there  was  evidently  so  little  real  under¬ 
standing  of  the  significance  of  the  operations  that  their  applica¬ 
tion  in  connection  with  fractions  was  attended  with  a  mortality 
of  77.3  per  cent.  This  again  points  to  the  conclusion  that  the  ele¬ 
ment  of  interpretation  of  meanings  is  of  as  great  importance  as 
manipulative  ability,  and  it  further  indicates  that  the  ability 
to  perform  an  operation  demanding  manipulative  skill  is  slight 
evidence  that  the  performance  is  necessarily  attended  by  a  sense 
of  its  significance.  Significance  is  associated  with  applications  of 
a  skill,  and  in  the  case  just  cited  there  enters  both  the  associative 
skills  of  the  fundamental  operations  themselves  and  the  associa¬ 
tive  skills  of  the  new  notion  introduced  by  the  fraction.  The  as¬ 
sociative  skills  of  fractions  are  discussed  in  detail  on  pages  66-69. 

It  is  possible  for  the  very  simplicity  of  algebra  to  prove  its  un¬ 
doing,  at  least  in  the  process  of  learning.  Generalization  means 
of  necessity  that  there  shall  be  comprehended  in  a  symbolism  a 
summary  of  a  large  number  of  meanings.  To  give  every  specific 
idea  its  own  form  of  expression  would  necessarily  leave  no  op¬ 
portunity  for  generalization.  It  follows,  therefore,  that  the  lan¬ 
guage  itself  of  algebra  is  not  characterized  by  the  fine  distinctions 
that  govern  ordinary  spoken  and  written  discourse,  where  a  let¬ 
ter,  a  word,  or  a  phrase  is  seldom  expected  to  convey  a  complete 
idea.  Rather  in  the  ordinary  usage  of  language  these  elements 
are  combined  into  a  more  or  less  complicated  sentence  which  is 
modified  in  many  ways  to  fit  into  particular  situations.  This 
is  true  to  such  an  extent  that  the  simple  sentence,  “The  boy 
studies,”  is  capable  of  being  expanded  into  a  variety  of  sen¬ 
tences  which  employ  every  modification  known  to  grammar;  but, 
conversely,  unless  it  is  so  expanded  its  meaning  is  confined  to  a 
narrow  range  of  significance. 

Contrast  the  sentence  in  quotation  marks  above  with  the 

formula 

a  =  lw 

which  is  among  the  most  simple  that  can  be  found  in  algebra. 
With  no  modification  of  form  whatever  this  expression  may  have 
the  following  meanings  (and  usually  only  one  is  needed  at  a 
time) : 

1.  Something,  called  “a”  equals  something,  called  “lw” 

2.  Some  number,  a,  equals  some  number  lw. 
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3.  Some  number,  a ,  equals  some  number,  l,  multiplied  by  some 
number  w. 

4.  The  area  of  a  rectangle  equals  the  product  of  the  length  and 
width.  (A  mere  statement  of  fact.) 

5.  To  get  the  area  of  a  rectangle  you  multiply  the  length  by 
the  width. 

6.  a  is  a  function  of  l  and  w. 

7.  An  arrangement  of  “letters”  with  no  numerical  meaning 
whatever. 

8.  a  is  so  related  to  l  that  a  change  in  the  value  of  l  produces  a 
change  in  the  value  of  a. 

9.  a  is  so  related  to  w  that  a  change  in  the  value  of  w  produces 
a  change  in  the  value  of  a. 

Suppose  that  a  pupil  sees  in  the  expression  a  —  lw  only  the 
significance  indicated  by  interpretation  No.  7  above.  This  may 
hinder  him  not  at  all  in  “solving”  for  l.  Solving  may  mean  simply 

writing  l  =  — • 
w 

So  far  as  this  particular  operation  is  concerned  that  is  the  an¬ 
swer,  and  no  more  need  be  asked  or  expected.  But  this  cannot  be 
considered  as  algebra  merely  because  letters  are  employed. 
Presently  this  same  pupil  may  reach  the  physics  class  and  be 
absolutely  confounded  when  confronted  with  the  privilege  of 
solving  for  d  in  k  =  pv.  If  the  pupil  has  learned  to  solve  for  l 
in  the  formula  a  =  Iw  in  a  formal  way  without  reference  to  fun¬ 
damental  meanings  there  is  little  to  transfer  to  the  new  situation 
embraced  in:  Solve  for  v  in  k  —  pv.  To  the  extent  to  which 
definite  associations  have  been  formed  with  a  —  Iw,  or  with  mere 
manipulation  involving  its  solution,  there  is  reason  to  expect  that 
there  is  no  generalized  notion  in  the  pupil’s  mind  and  therefore 
nothing  to  enable  transfer  to  take  place.  Contrast  a  pupil  who 
possesses  manipulative  dexterity  in  solving  for  l  in  the  formula 
a  —  lw  with  the  pupil  who  has  acquired  the  simple  associative 
skills  of  seeing  in  Iw  the  product  of  l  and  w  and  the  additional 
associative  skill  of  recognizing  in  the  equation  a  statement  of 
the  fact  that  a  is  l  times  w.  The  one  has  nothing  better  than  an 
imitative  ability  to  fall  back  upon,  the  other  has  a  deep  sense  of 
relationships  that  goes  back  to  the  fundamental  notions  of  num¬ 
ber  meanings. 
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There  has  been  a  great  deal  of  loose  thinking  concerning  this 
question  of  transfer.  Transfer  requires  something  to  transfer  as 
well  as  ability  to  transfer.  In  the  case  cited  the  differences  lie 
far  deeper  than  in  the  names  of  the  classes  or  a  change  of  rooms 
and  instructors.  The  two  situations  have  next  to  nothing  in  com¬ 
mon  for  the  student  who  has  merely  learned  to  get  a  result  in 
algebra.  For  such  a  student  the  degree  of  similarity  probably  ex¬ 
tends  about  as  far  as  that  between  a  page  printed  in  English  and 
one  printed  in  Latin,  where  the  same  type  and  punctuation  are 
employed.  The  pupil  who  has  been  taught  in  algebra  that  re¬ 
sults  of  a  manipulative  routine  are  sufficient  to  gain  high  marks 
has  been  deceived  if  he  thinks  that  this  will  give  him  an  ability 
that  can  carry  over  into  physics. 

The  associative  skill  which  accompanies  the  solutions  of 
a  =  lw  for  l  and  pv  —  k  for  v  goes  further  than  manipulation 
and  further  than  ability  to  generalize  as  to  symbols.  The  associa¬ 
tive  skill  would  perceive  not  only  that  a,  l,  w,  p,  v,  and  k  are 
numbers,  but  that,  in  the  first  instance  a  is  w  times  the  number 
that  is  wanted ;  and  in  the  second  instance  k  is  p  times  the  num¬ 
ber  wanted. 


CHAPTER  IV 


LEARNING  IN  ALGEBRA 

As  pointed  out  in  previous  chapters,  the  associative  skills  give 
meanings  to  operations  and  relations.  Another,  and  quite  as 
important,  advantage  of  associative  skills  lies  in  the  possible 
economy  of  thought,  which  their  recognition  and  use  affords.  In 
learning  it  is  a  well-known  fact  that  a  mass  of  unrelated  details 
presents  to  the  learner  a  problem  very  different  from  that  offered 
by  the  same  number  of  details  when  related  to  some  unifying 
idea. 

The  development  of  scientific  testing  in  algebra  has  brought 
into  clear  relief  two  significant  conditions.  These  are  the  wide 
divergence  between  aims  and  accomplishment,1  and  the  prodigious 
number  of  facts  and  operations  2  to  be  mastered.  The  different 
abilities  suggested  by  the  usual  course  in  algebra  run  up  into  the 
thousands.  A  summary  3  of  what  is  expected  in  arithmetic  totals 
1,680  combinations,  to  be  acquired  over  an  interval  of  six  or  eight 
years. 

For  every  one  of  the  arithmetical  combinations  there  is  one  in 
algebra,  but  this  is  only  the  beginning  of  the  purely  numerical 
relations  of  algebra.  Algebra  not  only  makes  use  of  all  the  num¬ 
bers  of  arithmetic  and  immediately  doubles  their  range  by  the 
introduction  of  the  idea  of  directed  number;  it  admits  any  sym¬ 
bol  or  any  combination  of  symbols  that  may  be  thought  of. 'To 
be  sure,  the  literal  symbols  usually  employed  are  conventional¬ 
ized  so  as  to  make  their  number  comparatively  small,  but  even  so, 
the  mass  of  number  expressions  grows  rapidly.  If  only  ten  literal 
symbols  were  to  be  employed  in  algebra  and  only  Arabic  num¬ 
erals  below  10  included  in  the  original  data,  no  symbol  being  used 
more  than  once  and  not  more  than  four  literal  symbols  used 

1  Reeve,  W.  D.,  A  Diagnostic  Study  of  the  Teaching  Problems  in  High  School 
Mathematics.  Ginn  and  Co.,  1926. 

2  McKeown,  Kate,  “Learning  in  First-Year  Algebra.”  An  unpublished  Master’s 
thesis  in  the  library  of  the  University  of  Oklahoma. 

8  Osbum,  W.  J.,  Corrective  Arithmetic,  p.  11.  Houghton  Mifflin  Co.,  1924. 
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with  any  numerical  coefficient,  there  would  be  rendered  available 
of  mere  number  expressions  the  stupendous  total  of  117,705  num¬ 
bers.  This  array  of  numbers  would  arise  merely  from  using  each 
of  the  digits  with  the  combinations  that  would  arise  by  taking 
the  ten  letters  four  at  a  time.  These  would  not  be  comparable 
with  an  equal  number  of  Arabic  numbers  because  of  the  way  in 
which  algebraic  numbers  are  constituted.  (See  Associative 
Skills  of  Interpretation,  page  59.) 

In  this  array  there  exist  no  laws  of  place  and  intrinsic  values. 
The  absence  of  place  values  renders  the  interpretation  of  alge¬ 
braic  numbers  more  difficult,  since  in  the  number  abc  there  re¬ 
sides  also  the  equal  values  of  acb,  bac,  bca,  cab,  and  cba.  In 
arithmetic  any  three-figured  number,  say  267,  means  just  that. 
If  267  is  the  number  that  is  applicable  to  a  certain  situation, 
there  it  stays.  No  one  later  is  ever  called  upon  to  recognize  or  use 
672  as  exactly  equivalent  to  267  merely  because  the  same  separ¬ 
ate  symbols  are  employed. 

We  will  exclude,  for  the  present,  intrinsic  values,  because  we 
are  discussing  the  intricacies  of  only  the  literal  notation.  It  is  ob¬ 
vious,  however,  that  wTere  we  to  ascribe  to  our  limited  ten  letters 
no  value  greater  than  9  in  any  case,  we  should  immediately  reach 
a  group  of  number  expressions  of  whose  extent  it  is  difficult  for 
the  mind  to  form  any  comprehensive  idea.  With  thousands  of  ex¬ 
pressions  capable  of  assuming  all  of  the  relative  positions  taken 
by  numbers  in  equations,  fractions,  sums,  and  the  like,  it  becomes 
evident  that  if  specific  forms  are  to  be  mastered  as  such,  the 
time  devoted  to  algebra  will  permit  of  consideration  of  a  very 
limited  proportion  of  the  total.  But  even  if  it  were  possible  to 
acquire  familiarity  with  forms  of  expression  in  an  individual  and 
detailed  manner,  that  would  still  leave  unsatisfied  the  demand 
for  a  cultivation  of  the  ability  to  generalize.  What  may  be  called 
the  physical  limitations  of  algebraic  number  expression  and  one 
of  the  main  purposes  of  the  study  itself  are  both  opposed  to  a 
course  in  algebra  which  operates  as  an  organization  of  habits  per¬ 
taining  to  specific  arrangements  of  algebraic  symbols. 

The_^s^c^oT^lg£bxa^q^v^rj_i^not  _mexe._Jiuniber.  expres¬ 
sion^  but  number  relations t  and  this  term  includes  considerably 
more  than  it  does  in  arithmetic.  Whereas  in  the  latter  a  specific 
application  of  any  relation,  say  of  multiplication,  exists  between 
two  numbers,  as  6  X  7,  or  a  specific  relation  like  that  of  cost  and 
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number  exists  in.  arithmetic  in  a  given  specific  situation,  in 
algebra  both  of  these  types  of  relationship  lose  all  semblance  of 
application  exclusively  to  a  particular  situation.  The  expression 
a  X  b  contains  only  the  relation  of  multiplication.  Its  advantages 
are  great,  since  the  very  fact  of  its  applicability  to  any  situation, 
whether  of  cost  and  number,  volume  and  number,  length  and 
number,  and  so  on,  renders  the  arrangement  available  for  use 
anywhere;  but  this  very  fact  places  on  the  learner  a  burden  not 
imposed  by  arithmetic.  It  is  not  impossible  that  the  very  habits 
that  the  pupil  has  acquired,  through  years  of  acquaintance  with 
arithmetic,  of  ascribing  a  particular  value  to  every  number 
stands  much  in  the  way  of  getting  easily  and  quickly  a  compre¬ 
hension  and  appreciation  of  generality,  which  is  the  very  essence 
of  algebra. 

What  is  Learning  in  Algebra? 

A  comparison  of  achievement  between  two  pupils  should  take 
into  account  fluctuations  of  accomplishment  in  the  same  indi¬ 
vidual.  The  expression  “one  hundred  per  cent  mastery”  stands  in 
need  of  more  precise  definition  than  it  seems  to  have  received. 
If  the  phrase  means  to  a  given  stimulus  always  the  right  re¬ 
sponse  under  all  circumstances,  then  it  might  better  be  eliminated 
from  our  language  completely,  because  it  is  difficult  to  get  even 
a  machine  to  respond  always  in  the  same  manner.  The  develop¬ 
ment  of  the  nervous  organism  has  affected  the  area  of  certainty 
of  outcome  in  inverse  ratio  to  the  capacity  for  self-determination. 

Another  meaning  for  “one  hundred  per  cent  mastery”  might 
be  a  degree  of  attainment  sufficient  to  satisfy  the  demands  of  the 
situation  in  which  the  ability  is  to  be  employed.  This  would 
have  the  disadvantage  of  varying  arbitrarily  and  would  be  of 
little  use  in  school  practice  because  of  the  uncertainty  of  the 
kind  of  position  that  the  pupil  would  eventually  fill. 

A  still  better  meaning  to  attach  to  “one  hundred  per  cent  mas¬ 
tery”  would  be  “that  degree  of  mastery  which  can  be  attained 
under  measurable  conditions.”  This  definition  also  would  vary, 
but  under  control.  It  would  have  the  advantage  of  making  it 
possible  to  set  up  in  advance  a  norm  of  achievement  suitable  to 
the  variables  entering  into  a  unit  of  work.  The  law  of  diminish¬ 
ing  returns  might  be  given  a  chance  to  operate.  Thus  a  pupil  of 
a  certain  I.  Q.,  after  a  certain  amount  of  practice  in  adding 
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directed  numbers,  might  be  certified  as  having  reached  pro¬ 
ficiency  of  a  certain  desirable  level. 

It  is  doubtful,  though,  if  the  expression  “one  hundred  per  cent 
mastery”  can  ever  be  used  satisfactorily.  One  hundred  per  cent 
is  so  closely  associated  with  the  idea  of  all  there  is  to  anything 
that  it  is  likely  to  stand  for  too  much  where  human  accomplish¬ 
ment  is  involved.  A  person  seldom  reaches  “one  hundred  per 
cent  mastery”  in  terms  of  any  measure  of  an  activity  unless  a 
mistake  carries  its  own  penalty  and  the  penalty  is  immediately 
apparent.  The  very  abstractness  of  mathematical  procedure  pre¬ 
cludes  the  possibility  of  awareness  of  error,  except  after  some 
interval  of  time.  In  checking  a  result,  for  instance,  the  discovery 
of  a  wrong  answer  may  produce  annoyance  and  the  resolution 
not  to  commit  the  same  blunder  again,  but  even  then  the  connec¬ 
tion  between  the  act  and  the  result  is  very  remote  as  compared 
with  striking  a  wrong  note  on  the  piano  or  taking  the  wrong 
step  on  a  flight  of  stairs. 

The  expression  “optimum  mastery”  would  be  an  easier  one  to 
which  to  attach  meaning  because  it  would  be  possible  to  bring 
it  into  harmony  with  the  facts  as  they  are.  Ability  to  attach  the 
correct  sign  to  the  product  of  two  directed  numbers  is  funda¬ 
mental  to  nearly  all  work  in  algebra,  but  is  it  of  sufficient  im¬ 
portance  to  require  that  a  pupil  should  be  able  to  handle  directed 
numbers  with  unerring  skill  before  being  allowed  to  work  with 
problems  and  other  operations  in  which  this  particular  skill 
functions?  The  desirable  procedure,  for  instance,  would  seem  to 
be  to  allow  the  skill,  “correct  sign”  to  be  acquired  4  gradually 
in  applications  which  both  directly  and  indirectly  but  certainly 
penalize  the  mistakes.  But  the  penalty  for  errors  should  embrace 
the  idea  of  self-conviction  of  error  as  well  as  the  idea  of  wrong 
answer. 

In  the  paragraph  above  we  have  discussed  the  advantage  of 
recognizing  an  optimum  mastery  from  the  standpoint  of  prac¬ 
tice,  but  there  are  other  equally  strong  arguments  against  dwell¬ 
ing  on  any  topic  with  the  expectation  of  always  obtaining  the 
correct  response  to  a  stimulus.  The  degree  of  attainment  in  any 
skill  that  a  pupil  evinces  at  a  given  time  may  be  quite  out  of 
harmony  with  what  he  has  done  before  or  will  be  able  to  do  in 

4  Thorndike,  E.  L.,  Educational  Psychology,  Vol.  I,  p.  134.  Teachers  College, 
Columbia  University,  Bureau  of  Publications,  1913. 
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the  immediate  future.  The  incorrect  response  does  not  certainly 
denote  inability  and,  for  many  algebraic  situations,  the  correct 
response  is  not  necessarily  an  indication  of  the  ability  that  is 
supposed  to  be  represented. 

Thorndike  has  pointed  out  and  Symonds 6  has  elaborated  into 
specific  illustrations  seven  cases  where  a  pupil,  from  the  stand¬ 
point  of  the  extent  of  his  learning,  could  make  the  correct  re¬ 
sponse  but  is  prevented  from  doing  so  by  mental  set  or  external 
conditions.  This  implies  that  degree  of  mastery  is  always  a 
question  of  the  control  of  a  considerable  number  of  factors  which 
in  themselves  have  no  especial  connection  with  the  particular 
piece  of  work  to  be  accomplished. 

A  pupil  called  upon  to  factor  a2  —  b2  may  give  the  incorrect 
response  because  he  does  not  know  the  correct  response,  but  he 
also  may  fail  because  between  the  impact  of  the  stimulus  and 
the  recording  of  the  result  there  intervenes  some  external  dis¬ 
traction.  A  steam  calliope  underneath  the  window  may  suddenly 
start  up,  with  a  train  of  suggestions  of  activities  far  rem'oved 
from  algebra.  The  extent  to  which  the  ordinary  pupil  can  be 
taught  to  concentrate  to  the  exclusion  of  unusual  sensory  stimuli 
is  limited.  These  factors  must  of  necessity  be  taken  into  account 
in  any  attempt  to  reach  conclusions  affecting  the  meaning  of 
mastery.  The  best  accomplishment  of  any  pupil  over  a  somewhat 
wide  range  of  time  might  be  taken  as  measuring  what  this  opti¬ 
mum  is,  provided  it  were  possible  to  determine  whether  the  effort 
is  actually  the  best. 

In  a  study  of  the  accomplishments  in  algebra  of  111  pupils  in 
the  high  school  of  the  University  of  Minnesota  during  the  aca¬ 
demic  years  1922-23  and  1923-24,  an  examination  was  made  of 
the  record  of  these  pupils  in  285  exercises  or  problems  written  on 
eighteen  occasions  at  approximately  two-week  intervals  through¬ 
out  their  ninth  school  year.  Because  problems  and  work  with 
coefficients  as  used  in  addition  and  subtraction  are  readily  identi¬ 
fiable,  there  were  selected  from  the  285  exercises  28  in  which 
work  with,  coefficients  predominated.  The  extent  to  which  the 
initial  accomplishment  was  reflected  in  subsequent  work  was  in¬ 
vestigated  by  examining  the  record  made  by  each  individual. 
The  initial  test  included  the  following  exercises. 

«  Symonds,  P.  M.,  in  The  Mathematics  Teacher,  Vol.  15,  p.  93,  1922. 
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Add  the  terms  as  indicated  in  problems  (1)  and  (2): 

(1)  3x  +  4a:  = 

(2)  3z  +  20z  +  17a;  +  5x  = 

(3)  Subtract  as  indicated:  14a;  —  3a;  = 

Perform  the  indicated  operations  in  problems  (4)  to  (6) : 

(4)  15a  +  7a-a  = 

(5)  10a; -2a; +  8-3  = 

(6)  15y  —  y  +  4y  = 

Of  the  111  pupils  taking  this  test,  28  made  a  perfect  score. 
In  subsequent  tests  which  contained  fractional  coefficients,  given 
on  five  different  occasions  and  including  twenty-two  problems, 
the  best  record  was  100  per  cent,  made  by  one  pupil  whose  I.Q. 
was  132.  The  poorest  record  was  36.3  per  cent,  made  by  a  pupil 
whose  I.Q.  was  121.  It  is  worth  noting  that  in  the  simple  accom¬ 
plishment  under  observation,  3  pupils  with  I.Q.’s  higher  than 
that  of  the  pupil  with  the  best  record,  one  rating  139  and  two 
rating  135,  made  records  on  the  problems  of  77.2  per  cent,  77.7  per 
cent,  and  40.9  per  cent,  respectively. 

Although  only  one  pupil  out  of  111  was  able  to  make  a  perfect 
score  on  both  the  original  learning  lesson  and  the  subsequent 
application  of  lessons  extending  over  a  period  of  a  year,  as  com¬ 
pared  with  110  pupils  who  failed  in  one  or  both  respects,  it  was 
noted  that  of  the  83  pupils  who  failed,  as  shown  by  the  test,  in 
their  first  attempt  to  learn  the  addition  of  coefficients,  eight  of 
them  in  the  subsequent  applicational  tests  made  records  as  good 
as,  or  better  than,  any  of  the  pupils  whom  the  first  test  recorded 
as  perfect.  Apparently  keeping  these  eight  pupils  at  work  with 
coefficients  until  they  could  make  a  perfect  score  would  not  have 
been  attended  with  effects  more  beneficial  than  those  of  the 
amount  of  practice  that  they  had  received,  in  spite  of  the  fact 
that  their  understanding  of  coefficients  was  deficient,  as  revealed 
by  the  first  test. 

Ability  to  get  the  right  answer  to  a  problem  like : 

Add  2  a 
3  a 

may  be  due  to  memory  only,  or  it  may  be  due  to  imitation. 

An  attempt  to  generalize  by  the  introduction  of  many  literal 
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symbols  is  a  favorite  device.  If  a  pupil  can  respond  correctly 
when  a  is  replaced  by  b  or  x  or  by  ab  or  xy,  or  any  other  simple 
or  complicated  number,  we  are  ordinarily  satisfied.  But  here 
again,  memory,  not  understanding,  may  play  the  chief  part. 
Memory  of  the  precise  problem  may  be  replaced  by  memory  of 
the  kind  that  gets  the  result  by  saying,  “Add  the  Hindu-Arabic 
numbers  algebraically;  do  nothing  to  the  rest  of  the  expressions, 
except  write  another  like  them  after  the  sum.”  The  worst  thing 
about  this  “method”  is  that  it  works — it  is  perfect  from  that 
aspect,  but  such  a  pure  manipulative  ability  seems  to  lack  nearly 
everything  that  is  required  when  the  pupil  comes  to  a  situation 
which  demands  some  organization  of  the  material  previous  to 
the  act  of  manipulation  instead  of  the  mere  performance  of  some 
algebraic  operation. 

The  associative  skills  of  interpretation  (see  p.  59)  and  of 
addition-substraction  provide  a  check  which  takes  care  of  the 
process  of  addition-subtraction  in  those  particulars  in  which 
something  more  is  demanded  of  the  pupils  than  the  mere  act  of 
arithmetical  combinations  of  coefficients. 

In  the  illustrative  problem  in  subtraction  (Appendix,  p.  107), 
with  its  variations  of  wrong  results,  the  difference  obtained  by 
subtracting  7b  from  — 126,  as  obtained,  is  just  everything  pos¬ 
sible  that  could  be  gotten  from  any  addition-subtraction  com¬ 
bination  of  the  coefficients ;  being  —  56,  —  196,  -f  196,  and  -f  56. 
The  26  varieties  of  results  provide  exactly  as  many  wrong  as 
right  responses,  thirteen  of  the  answers  being  the  correct  — 196, 
and  the  other  thirteen  shared  by  —  56,  196,  and  56.  Apparently 
these  pupils  were  much  more  impressed  with  the  necessity  for 
getting  something  done  than  with  the  attaching  of  any  signifi¬ 
cance  to  their  acts. 

A  commentary  very  much  to  the  point  concerning  the  in¬ 
adequacy  of  manipulative  skills  and  the  failure  of  teaching  to 
produce  satisfactory  results,  because  of  imperfect  treatment  of 
such  situations,  is  found  on  page  198  of  Smith  and  Reeve’s  The 
Teaching  of  Junior  High  School  Mathematics  (Ginn  and  Co., 
1927),  where  the  authors  say, 

As  an  illustration  of  the  failure  to  master  certain  of  the  fundamental 
skills  in  algebra  a  recent  study  shows  that  74.4  per  cent  of  a  group  of  over 
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600  ninth  grade  pupils  could  simplify  the  expression  7x  +  ( —  3x) ,  and  that 
70.9  per  cent  could  perform  the  following  subtraction: 

+  8a  —  12b  —  156 

-5a+  7b  —  75 

In  other  words,  the  former  was  nearly  as  difficult  as  the  latter.  The 
same  study  shows  that  for  the  same  group  of  pupils  it  was  considerably 
more  difficult  to  simplify  4x  —  6 y  —  5x  —  3 y  than  to  perform  the  sub¬ 
traction 

_ab  +  a’_  3b2 
ab  —  aa  +  2b* 

even  though  the  latter  involved  the  subtraction  of  +  2 b2  from  —  3b2,  which 
should  be  as  difficult  as  anything  in  the  former.  In  the  first  case  29.3  per 
cent  of  the  answers  were  correct,  whereas  in  the  second  case  the  score  was 
65.3  per  cent. 

There  are  doubtless  various  possible  explanations  of  the  facts  cited 
above.  That  there  should  be  such  a  difference  in  the  scores  shows  how 
marked  had  been  the  failure  to  analyze  objectives  and  to  drill  adequately 
upon  the  constituent  skills  involved. 

Here  is  very  strong  evidence  to  support  the  belief  that  among 
these  pupils  the  manipulative  skill  which  they  had  acquired  ift 
dealing  with  one  situation  was  attended  with  so  slight  associative 
skill  of  understanding  that  the  external  form  of  the  problem 
constituted  a  much  more  potent  influence  in  determining  results 
than  did  any  genuine  comprehension  of  the  nature  of  the  alge¬ 
braic  operations  which  the  exercises  involved. 

It  might  take  a  pupil  longer  to  acquire  apparent  facility  in 
subtraction  by  emphasizing  the  associative  skills  of  the  opera¬ 
tion  as  related  to  the  number  scale,  than  by  teaching  the  simple 
rule  of  “change  sign  and  add,”  but  the  acquisition  of  these  skills 
would  certainly  provide  at  least  the  opportunity  for  the  exercise 
of  a  set  of  satisfiers  and  annoyers  that  manipulation  alone  does 
not  include. 


CHAPTER  V 


DIRECTED  NUMBERS 

Meaning  of  “Greater  Than”  and  “Less  Than” 
(integers) 

In  arithmetic  the  idea  of  comparative  size  of  two  numbers,  the 
notion  of  greater  than  and  of  less  than  goes  along  with  the  num¬ 
bers.  The  number  8  is  greater  than  5;  15  is  less  than  21.  These  are 
fundamental  properties  of  numbers  where  size  begins  with  0. 
The  effect  of  the  introduction  of  directed  numbers  is  not  alone  to 
change  the  scale  of  numbers,  but  the_most  important  thing  it 
does  is  to  give  to  the  numerals  themselves  implications  of  size 
very  different  from  those  which  arithmetic  has  always  depended 
upon  to  answer  the  question  as  to  which  is  the  greater.  For  in¬ 
stance,  in  algebra  8  remains  greater  than  5,  but  —  8  is  less  than 
5;  8  is  greater  than  — 5,  but  — 8  is  less  than  — 5.  This  is  con¬ 
fusing  to  the  person  who  reckons  number  values  as  plus  and 
minus  from  0;  it  is  very  plain  to  the  person  who  recognizes  each 
of  these  numbers  as  belonging  to  a  number  scale  and  as  occupy¬ 
ing  a  definite  relative  position  with  respect  to  every  other  number 
of  the  scale. 

The  kind  of  comparisons  made  above  between  8  and  5  and 
between  15  and  21  would  also  be  confusing  w'ere  it  not  for  the 
fact  that  to  the  numbers  8,  5,  15,  21  there  attaches  a  vivid 
significance  of  relative  size.  Whether  care  has  been  taken  or  not 
to  impress  upon  the  pupil  the  fact  that  6  is  one  more  than  5,  all 
his  experience  suggests  and  reinforces  such  an  idea  with  respect 
to  these  two  numbers  and  all  other  numbers,  and  in  many  ways 
these  facts  check  one’s  work.  Addition  of  two  numbers  in  arith¬ 
metic  always  yields  more  than  either  of  the  numbers;  subtrac¬ 
tion  always  yields  less  than  the  greater,  or  minuend. 

In  algebra  more  ceases  to  be  a  correlative  of  addition  and  less 
no  longer  is  a  part  of  the  idea  of  subtraction. 

In  arithmetic  the  process  of  counting  almost  inevitably  con- 
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veys  a  sense  of  the  relative  values  of  the  numbers.  Probably  no 
one  ever  counts  with  algebraic  or  directed  numbers.  The  result 
of  this  is  that  while  experience  of  an  intuitive  or  practical  nature 
does  not  tend  to  contribute  largely  to  a  pupil’s  sense  of  apprecia¬ 
tion  of  the  significance  of  directed  or  algebraic  numbers,  at  the 
same  time  the  arithmetical  experience  that  the  pupil  has  had 
tends  to  handicap  him  severely  in  getting  a  comprehension  of 
the  meaning  and  value  of  numbers  when  0  is  no  longer  used  as 
the  place  of  references  from  which  values  are  to  be  reckoned. 
These  circumstances  necessitate  an  especial  emphasis  upon  asso¬ 
ciative  skills  designed  to  give  to  the  pupil  a  sense  of  meaning  and 
an  understanding  of  the  appropriateness  of  directed  numbers  in 
those  situations  to  which  they  apply. 

Algebraic  integers^  may  be  arranged  in  order,  as  may  arith¬ 
metical  integers,  but  in  algebra  0  does  not  stand  at  the  end  of 
the  scale;  there  is  no  least  number  of  the  algebraic  scale.  Suppose 
that  we  arrange  the  numbers,  for  convenience,  as  increasing  from 
left  to  right  according  to  the  following  diagram,  where  the  divi¬ 
sions  of  the  line  are  employed  simply  to  give  an  illustration  of 
what  the  numbers  might  represent, 

—  6  —5  —4  —3  —2  —1  0  1  2  3  4  5  6 

1  1  1  1  1  1  1  I  1  1  1  I  1 

As  ever  (in  arithmetic)  3  comes  before  and  is  less  than  4; 
4  comes  before  and  is  less  than  5.  That  part  is  easy.  It  is  not 
quite  so  apparent  that  —  4  comes  before  and  is  less  than  —  3 ; 
and  that  —  5  comes  before  and  is  less  than  — 4;  but  we  can  see 
that  fact  if  we  imagine  that  we  are  starting  at  some  point  off  at 
the  left  (this  may  be  any  point  whatever).  If  we  count  succes¬ 
sively  from  left  to  right  we  shall  be  constantly  increasing  the 
distance  from  our  starting  point.  Now  it  is  evident  that  the  dis¬ 
tance  from  our  starting  point  is  greater  when  we  are  at  —  3  than 
it  is  when  we  are  at  — 4.  In  other  words  on  the  serial  number 
scale  - —  3  is  greater  than  —  4,  and  so  on  for  all  of  the  negative 
numbers.  All  of  the  numbers  behave  in  the  same  way,  with  the 
greater  number  always  on  the  right. 

In  this  algebraic  or  directed  scale  of  numbersjO  retains  a  posi¬ 
tion  of  importance,  but  it  is  no  longer  the  starting  point  for  the 
measurement  of  the  significance  of  the  numerals  of  the  scale.  In 
point  of  significance  of  value  the  minus  symbols  at  the  left  of  0 
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take  whatever  significance  they  have  from  their  position  relative 
to  all  of  the  other  numerals  on  the  scale,  not,  as  commonly  sup¬ 
posed,  because  of  their  relation  to  0.  For  instance,  the  value 
denoted  by  —  3  would  be  exactly  the  same  were  the  symbol  to 
be  replaced  by  (p  without  any  negative  sign.  In  point  of  measure¬ 
ment  of  values,  the  only  significance  of  the  minus  sign  as  applied 
to  numbers  at  the  left  of  0  is  to  identify  them.  So  far  as  algebraic 
operations  of  addition  and  subtraction  upon  them  are  concerned 
there  is  no  property  whatever  possessed  by  a  number  at  the  right 
of  0  that  is  not  possessed  by  a  number  at  the  left  of  0,  and  vice 
versa,  although  nearly  all  of  the  rules  of  manipulation  imply  the 
belief  that  —  5  and  +  5  differ  because  one  is  minus  while  the 
other  is  plus. 

To  speak  of  a  negative  number  as  though  it  were  different  from 
a  positive  number  because  of  its  quality  is  like  using  the  word 
transpose  in  dealing  with  the  equation.  Treating  a  negative  num¬ 
ber  as  though  it  contrasted  with  a  positive  number  in  any  differ¬ 
ent  sense  whatever  from  the  contrast  between  two  positive 
numbers  is  to  ascribe  to  the  negative  number  a  mythical  property 
that  it  does  not  possess. 

Any  positively  directed  number  possesses  a  certain  element  of 
measure,  but  so  also  does  any  negatively  directed  number.  Fur¬ 
ther,  any  so-called  positive  number  may  be  negatively  directed 
and  any  so-called  negative  number  may  be  positively  directed 
with  respect  to  other  numbers.  The  numbers  that  are  labeled  with 
a  minus  sign,  as  — 3,  — 25,  and  the  like,  take  this  designation 
simply  to  place  them  in  the  scale,  not  because  the  sign  as  thus 
used  has  significance  in  any  operation  of  addition  and  subtrac¬ 
tion  with  such  numbers. 

The  essential  difference,  as  to  algebraic  meaning,  is  not  one 
of  minusness  and  plusness,  but  a  difference  of  value,  +  5  stand¬ 
ing  for  10  more  than  — 5;  — 5  standing  for  10  less  than  -f-  5; 
but  this  is  precisely  the  distinction  that  exists  between  9  and  19, 
or  between  —  2  and  8,  or  between  —  82  and  — 72.  All  the  dis¬ 
tinctions  are  of  values  in  the  number  scale,  as  the  numbers 
increase  in  value  from  the  left;  not  in  the  fact  that  the  minus 
numbers  lie  on  one  side  of  zero  and  the  positive  numbers  on  the 
other.  The  fact  must  be  kept  in  mind  that  this  discussion  has  to 
do  strictly  with  the  values  expressed  by  the  numerals,  including 
0,  in  the  directed  number  scale.  As  a  measure  of  absolute  value, 
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0  assumes- properties  which  are  not  possessed  by  any  other 
number. 

The  important  thing  that  the  invention  of  positive  and  negative 
numbers  did  to  numerical  measurement  was  not  to  introduce  a 
new  measure  of  values  beginning  with  0,  but  to  introduce  a  new 
measure  of  values  beginning  anywhere  we  pleafce.  Only  the  place 
where  a  number  belongs,  not  its  value,  is  conveniently  reckoned 
from  0. 

One  of  the  most  confusing,  and  also  one  of  the  most  unscientific, 
of  algebraic  notions  is  tied  up  with  an  attempt  to  reconcile  the 
number  scale  with  statistical  measures  and  physical  events,  with¬ 
out  reference  to  the  real  meaning  of  the  directed  character  of 
the  numbers  used.  For  instance,  one  of  the  commonest  illustra¬ 
tions  of  the  meaning  of  positive  and  negative  numbers,  as  en¬ 
countered  in  the  classroom,  is  that  of  actually  having  some 
money  as  contrasted  with  being  in  debt.  “The  amount  had”  being 
designated  by  a  -j-  sign  and  “the  amount  in  debt”  by  a  —  sign. 
As  a  matter  of  fact,  the  measure  of  the  two  kinds  of  values  is  in 
terms  of  the  same  kind  of  numbers.  The  +  and  —  signs,  or  the 
plus  and  minus  numbers,  are  not  in  the  least  needed  to  express 
the  ideas  of  “having”  and  “not  having”;  the  words  take  care  of 
those  ideas. 

An  illustration  of  directed  numbers  that  goes  no  further  than 
to  call  “amount  possessed”  by  the  name  plus  and  “amount  owed” 
by  the  name  minus  is  wrong  and  misleading  in  that  for  such  ideas 
directed  numbers  were  never  needed  and  for  such  situations 
probably  never  would  have  been  invented.  The  primary  notions 
of  measure  are  those  of  greater  and  less,  and  number  scales 
operate  accordingly.  It  is  perfectly  possible  for  given  measures 
to  designate  exactly  opposite  tendencies  in  the  measurement  of 
different  magnitudes,  but  the  number  scale  itself  would  be  in¬ 
tractable  and  unreliable  if  at  any  arbitrary  or  capricious  point  it 
were  suddenly  to  change  its  meaning  and  somewhere  begin  to 
mean  more  where  before  it  had  meant  less.  The  number  scale 
does  not  behave  that  way,  as  it  would  have  to  were  the  useful¬ 
ness  or  the  meaning  of  directed  numbers  to  be  applied  to  the 
measurement  of  “having”  and  “not  having.” 

The  use  and  application  of  the  idea  of  directed  numbers 
appear  only  in  the  measurement  of  such  quantities  as  exist  in  a 
sense  not  measurable  by  one  type  of  number  alone.  In  the  case 
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of  the  illustration  partially  completed  above,  precisely  such  a 
condition  of  inability  to  measure  by  means  of  numbers  of  one 
direction  is  found  in  recording  the  individual’s  financial  status. 
That  element  of  financial  status  is  a  quantity  which  retains  the 
qualities  of  more  and  less  throughout  its  entire  extent.  It  could 
not  be  expressed  or  measured  by  either  plus  or  negative  numbers 
alone,  and  as  to  size,  it  begins  at  one  end  of  the  scale  and  pro¬ 
gressively  increases  all  the  way  toward  the  other  end. 

The  invention  of  the  expression  directed  number  is  probably 
one  of  the  most  useful  terms  th^t  has  been  introduced  into 
mathematics.  Every  number  in  the  scale  is  positively  or  nega¬ 
tively  directed  with  respect  to  every  other  number ;  9  is  positively 
directed  with  respect  to  7 ;  —  8  is  positively  directed  with  respect 
to  — 11;  6  is  negatively  directed  with  respect  to  15;  and  — 17 
is  negatively  directed  with  respect  to  — 14.  The  quality  of  posi¬ 
tiveness  extends  over  the  entire  scale,  as  does  also  the  quality 
of  negativeness.  The  name  “minus”  number  will  probably  always 
be  retained,  but  it  should  be  recognized  for  what  it  is,  a  mere 
name,  when  applied  to  a  number,  just  as  6  is  a  name  different 
from  8. 

The  symbol  +  (or  — )  now  assumes  three  instead  of  the 
orthodox  two  meanings:  (1)  a  sign  of  direction,  (2)  a  sign  of 
operation,  (3)  a  mark  of  identification,  usually  called  quality. 

A  unit  of  value  in  the  scale  of  directed  numbers  means  pre¬ 
cisely  what  it  would  were  numbers  to  be  considered  as  not  having 
direction.  The  designation  of  a  number  of  units  without  reference 
to  direction  is  in  terms  of  what  is  called  absolute  number.  Thus, 
if  we  are  talking  about  the  number  scale  in  terms  of  the  illus¬ 
tration  given  on  page  37,  the  figure  3  itself  refers  to  a  position  in 
the  scale,  but  3  units  refers  to  a  distance  comprehended  by  this 
measure  anywhere  on  the  scale,  where  the  distance  is  thought  of 
without  reference  to  direction  or,  perhaps  better  still,  where  the 
distance  is  thought  of  as  though  direction,  as  applied  to  numbers, 
did  not  exist. 

All  this  requires  one  to  distinguish  between  the  meaning  of  + 
(or  — )  as  applied  to  an  expression  of  value  in  the  number  scale 
and  the  same  sign  as  applied  to  a  number  used  as  an  operator. 
In  the  addition  of  —  6  and  —  6,  for  example,  these  two  numbers 
are  identical,  but  their  role  in  addition  is  by  no  means  the  same. 
One  of  these  numbers  is  added  to  the  other,  they  are  not  added 
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to  each  other,  except  in  the  sense  that  either  may  be  taken  as 
the  number  to  which  the  other  is  added.  In  arithmetic  this  dis¬ 
tinction  between  number-operated-from  and  number-operating- 
on  is  of  slight  consequence,  because  no  one  ever  seems  to  think 
that  he  is  adding  different  somethings  because  the  numbers  to  be 
added  are  different,  but  in  algebra  the  expressions  commonly 
encountered  in  textbooks  give  the  impression  that  if  -J—  6  and  —  3 
are  to  be  added  the  +  6  is  a  plus  number  and  the  —  3  is  a  minus 
number.  This  plays  the  mischief,  because  the  most  fundamental 
notion  of  addition  is  that  of  a  change  in  some  quantity  of  a 
measurable  property  produced  by  either  an  identical  or  a  dif¬ 
ferent  quantity  of  the  same  measurable  property.  How,  then, 
may  we  speak  in  algebra  of  the  addition  of  a  positive  quantity 
to  a  negative  quantity?  An  attempt  to  justify  such  a  question 
immediately  involves  us  in  difficulties,  which  can  only  be  avoided 
by  running  into  another  difficulty  of  changing  our  definition.  But 
it  is  unnecessary  to  make  any  change  in  definition  if  we  will 
relieve  the  operating  number  of  quality  entirely.  This  is  perfectly 
consistent,  because  we  already  know  that  the  unit  of  measure 
behaves  the  same  way;  that  is,  it  is  the  same  whether  toward 
the  minus  or  toward  the  plus  end  of  the  scale.  We  may  call  the 
number  to  be  added  plus  (or  minus),  if  we  please,  but  we  should 
understand  that  this  word  plus  (or  minus )  gives  us  a  direction 
of  addition,  not  a  property  of  the  number.  The  quantity  to  be 
added  is  precisely  the  same  regardless  of  the  sign  that  stands 
before  the  number. 

The  important  conclusion  is  that  all  operations  with  algebraic 
numbers,  so  far  as  numerical  implications  are  concerned,  are 
with  absolute  values  of  the  numbers.  That  is  we  do  not  add 
+  3  or  multiply  by  -f-  3 ;  what  we  do  is  to  add  3  or  multiply 
by  3.  In  the  same  way  we  do  not  add  — 5  or  multiply  by  — 5; 
we  add  5  or  multiply  by  5,  and  in  both  cases  the  signs  tell  us 
the  direction  that  the  operation  takes.  Only  the  absolute  values 
of  numbers  may  ever  serve  as  operators. 

Summary  of  Associative  Skills  of  Directed  Number 

1.  The  number  scale  contains  both  the  positive  and  negative 
numbers,  but  the  scale  does  not  begin  at  0  and  run  in  opposite 
directions. 

2.  Less  lies  toward  one  end  of  the  scale,  more  toward  the 
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other,  but  the  scale  has  no  beginning.  It  is  conventional  to  think 
of  less  as  belonging  to  the  left-hand  end  of  the  scale  and  more 
as  belonging  to  the  right-hand  end.  In  other  words,  the  numbers 
of  the  scale  increase  from  left  to  right. 

3.  Positively  directed  or  negatively  directed  numbers  cover  the 
entire  scale.  With  respect  to  any  given  number  of  the  scale,  every 
other  number  that  lies  at  the  left  of  the  given  number  is  nega¬ 
tively  directed;  and  every  number  that  lies  at  the  right  of  the 
given  number  is  positively  directed. 

4.  The  sign  +  (or  — )  has  three  entirely  distinct  meanings  in 
algebra:  the  first  meaning  denoting  something  about  the  place 
that  the  number  occupies  in  the  scale  of  numbers;  the  second 
denoting  direction  on  the  scale  of  number;  and  the  third  denoting 
an  operation  of  addition  (or  subtraction). 

5.  Number  is  used  in  algebra  in  two  senses:  non-directed  and 
directed.  The  non-directed  or  absolute  value  of  a  number  is  its 
significance  as  applied  to  a  number  of  units,  without  reference  to 
direction.  The  directed  value  of  a  number  is  its  absolute  value 
modified  by  the  element  of  direction. 

6.  It  is  the  absolute  value  of  number  that  is  always  used  as 
an  operator. 

A  LESSON  ON  THE  MEANING  OF  DIRECTION  AS  APPLIED 
TO  NUMBERS 

—  9  —8  —7  —6  —5  —4  —  3  —2  —1  0123455  789 
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Suppose  that  we  are  measuring  the  distance  from  some  point  P  off 
at  the  left. 

On  the  number  scale,  which  of  the  two  numbers  2  and  —  6  represent  the 
greater  distance  from  P ? 

In  this  sense  which  of  these  two  numbers  is  the  greater? 

Of  the  two  numbers  0  and  —  1,  which  is  the  greater? 

Which  is  the  greater  of  the  two  numbers  — 10  and  — 4? 

Which  is  the  greater  of  the  numbers  +  10  and  +4? 

Which  is  the  lesser  of  each  of  the  pairs  given  above? 

Have  you  reached  any  conclusion  as  to  which  is  the  greater  of  two 
numbers  generally?  [Yes,  the  number  on  the  right.] 

Which  is  always  the  lesser  of  two  numbers?  [The  one  on  the  left.] 

In  comparing  a  negative  and  a  positive  number,  how  much  do  you  need 
to  know  of  the  numbers  in  order  to  decide  which  is  the  greater  [or 
lesser] ? 

In  comparing  two  negative  (or  positive)  numbers  how  much  do  you 
need  to  have  given  about  the  numbers  in  order  to  determine  which  is  the 
greater?  Or  the  lesser? 
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What  are  the  numbers  that  are  less  than  +  4?  [  +  3,  +  2,  and  all  other 
numbers  at  the  left  of  these?] 

What  are  the  numbers  that  are  less  than  — 4?  [ — 5,  —6,  and  all  numbers 
at  the  left  of  these?] 

What  are  the  numbers  that  are  greater  than  — 4?  [ — 3,  — 2,  and  all 
numbers  at  the  right  of  these?] 

Are  there  any  numbers  in  the  scale  that  are  greater  than  0?  That  are 
less  than  0? 

0  (zero)  is  greater  than  what  numbers?  Less  than  what  numbers? 

With  respect  to  any  given  number,  all  other  numbers  that  are  less  than 
the  given  number  are  said  to  be  negatively  directed  with  respect  to  the 
given  number;  all  other  numbers  that  are  greater  than  the  given  number 
are  said  to  be  positively  directed  with  respect  to  the  given  number. 

Name  a  number  that  is  negatively  directed  with  respect  to  +  5.  With 
respect  to  — 3. 

Name  a  number  that  is  positively  directed  with  respect  to  — 7.  With 
respect  to  24. 

Can  you  make  a  statement  that  will  include  all  of  the  numbers  that 
are  positively  directed  with  respect  to  +  7?  — 8?  0? 

Make  a  statement  that  will  include  all  numbers  that  are  negatively 
directed  with  respect  to  +9;  — 4;  0. 

Is  the  first  of  the  following  pairs  of  numbers  positively  or  negatively 
directed  with  respect  to  the  second :  8  and  2,  —  6  and  —  4,  3  and  5,  4  and 
—  9,  — 6  and  7? 

If  two  numbers  are  of  unlike  sign,  how  much  must  you  know  of  the 
numbers  in  order  to  determine  whether  the  first  is  positively  or  nega¬ 
tively  directed  with  respect  to  the  second?  [Their  signs.] 

If  two  numbers  are  of  the  same  sign,  what  must  you  know  of  the 
numbers  in  order  to  determine  whether  the  first  is  positively  or  nega¬ 
tively  directed  with  respect  to  the  second?  [Their  names.] 

In  any  given  situation  involving  positive  and  negative  numbers,  how 
many  of  the  numbers  might  be  positively  directed  with  respect  to  another 
number?  [Any  number  from  one  up  to  one  less  than  the  total  number 
of  numbers  in  the  situation.] 

Associative  Skills  of  Algebraic  Addition  and  Subtraction 

As  demonstrated  in  the  previous  section,  the  understanding  of 
algebraic  addition  demands  an  element  of  interpretation  not 
included  in  arithmetic,  because  algebraic  addition  greatly  ex¬ 
tends  the  meaning  of  the  operation. 

Fundamentally,  of  course,  any  operation  derives  its  scientific 
meaning  from  a  definition,  but  not  from  a  rule.  Psychological 
meanings  are  more  likely  to  be  derived  from  experience  with 
applications  of  an  operation,  but  not  necessarily  if  the  applica¬ 
tions  are  made  in  a  formal  manner.  A  rule  for  an  algebraic  opera- 


44 


The  Fundamental  Skills  of  Algebra 


tion,  say  of  addition,  may  be  applied  because  it  works,  but  not 
because  it  is  addition. 

In  algebra  the  laws  of  arithmetic,  and  of  the  universe,  appear 
to  be  dethroned,  because  we  may  take  the  numbers  designated  by 
3  and  4  and  by  adding  them  we  get  7,  1,  —  1,  and  —  7,  according 
as  3  and  4  take  the  signs  -j-  or  — .  “If  the  signs  are  alike,  add  the 
numbers  and  prefix  the  common  sign.  If  the  signs  are  unlike, 
subtract  the  numerically  smaller  from  the  numerically  greater 
and  prefix  the  sign  of  ‘the  greater’  ”  is  a  rule  that  works,  but  it 
works  just  like  a  key  to  the  adding  machine,  mysteriously,  with¬ 
out  rhyme  or  reason. 

In  arithmetic  the  operation  indicated  by  the  word  add,  pos¬ 
sesses,  first,  an  element  of  simplicity  and,  second,  an  element  of 
automatism  that  with  algebra  in  the  first  instance  certainly,  and 
in  the  second  probably,  is  seldom  attained.  Addition  in  arithmetic 
means  beginning  with  a  number  where  it  is  and  going  in  a  certain 
direction  by  a  definite  measured  amount.  Direction  as  used  here 
is  with  reference  to  the  number  scale.  To  be  sure,  we  do  not 
often  think  of  the  operation  in  that  way,  because  the  number 
combinations  that  have  been  learned  in  addition  equip  us  with 
a  sort  of  seven-league-boots  ability  to  stride  over  intervening 
obstacles  and  arrive  all  at  once  at  a  destination  quite  far  removed 
from  the  starting  point,  but  these  facts  do  not  eliminate  the 
starting  point  nor  change  the  essential  meaning  of  the  operation. 

Addition  in  algebra  also  means  beginning  with  a  number  where 
it  is  and  going  in  a  certain  direction  by  a  definite  measured 
amount,  but  whereas,  in  arithmetic,  the  direction  is  always  the 
same,  in  algebra  the  direction  is  one  of  two. 

In  arithmetical  subtraction  the  operation  is  performed  by  be¬ 
ginning  with  a  number  at  a  point  in  the  number  scale  and  pro¬ 
ceeding  in  a  certain  direction  by  a  definite  measured  amount. 
Again,  as  in  addition,  the  direction  in  arithmetic  denoted  by 
the  minus  sign  is  always  the  same;  while  in  algebra  the  direction 
is  one  of  two.  In  arithmetical  subtraction  the  operation  is  limited 
to  the  case  where  the  number  “taken  away”  is  less  than  the 
number  “taken  from”;  else  a  number  not  in  the  scale  is  obtained. 
In  algebra  no  such  limitation  is  enforced;  there  is  no  such  thing 
any  more  as  an  integer  that  is  not  in  the  scale.  All  this  necessi¬ 
tates  for  algebra  the  learning  outright  of  a  1  large  number  of 
new  addition  and  subtraction  combinations;  otherwise  the  im- 
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position  of  new  definitions  or  new  concepts  of  the  extended  mean¬ 
ing  of  numbers.  As  shown  on  page  29  it  is  practically  impossible 
to  learn  the  algebraic  combinations  as  the  arithmetical  combina¬ 
tions  are  supposed  to  be  learned.  An  associative  skill  which  might 
offer  an  economical  and  sufficient  foundation  for  extending  the 
facts  already  learned  in  arithmetic  to  cover  the  directed  numbers 
of  algebra  should  not  only  lessen  the  time  necessary  to  acquire 
facility  in  the  use  of  such  numbers,  but  at  the  same  time  increase 
the  precision  and  certainty  of  the  pupil’s  work. 

The  meaning  of  algebraic  addition  is  that  the  number  to  which 
another  number  is  to  be  added  simply  indicates  the  point  of 
departure  for  the  addition:  the  number  to  be  added  indicates  by 
its  sign  the  direction  of  the  addition,  and  by  its  absolute  value 
the  measure  of  the  addition.  Thus  in  the  scale  below,  if  +  3  is 
to  be  added  to  +  5,  +  5  indicates  the  point  of  departure  on  the 
scale,  3  indicates  the  measure  of  addition  and  the  -f-  of  the  3 
indicates  the  direction  of  the  addition.  Evidently  if  one  starts  at 
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+  5  and  measures  three  units  toward  the  right,  the  result  is  -j-  8. 

If  instead  of  adding  -f-  3  to  +  5,  we  wish  to  add  —  3  to  -j-  5, 
the  starting  point  remains  the  same.  Now  since  the  sign  of  the 
number  to  be  added  is  — ,  we  add  by  going  to  the  left  (in  a 
minus  direction),  3  units  and  the  result  is  2. 

In  adding  -f-  7  to  —  3  the  point  of  departure  is  —  3,  the  direc¬ 
tion  is  +,  and  the  sum  obviously  +  4;  and  so  on. 

A  rule  or  a  stereotyped  method  of  procedure  in  addition  will 
undoubtedly  speed  the  operation  itself,  once  its  meaning  has  been 
acquired,  but  the  rule  lacks  both  the  element  of  meaning  and 
the  basis  for  providing  a  check  of  the  validity  of  the  results.  As 
a  piece  of  abstract  manipulation  it  seems  often  to  be  a  matter  of 
indifference  as  to  whether  the  sum  of  —  5  and  -f-  4  is  —  9,  +9, 
—  1,  or  +  1.  The  fact  that  pupils  seldom,  in  arithmetical  addi¬ 
tion,  make  mistakes  that  are  utterly  inconsistent  with  the  num¬ 
bers  added  in  that  the  result  is  less  than  either,  gives  some  reason 
for  expecting  that  the  introduction  into  algebraic  addition  of  a 
definite,  tangible  basis  for  checking  the  process  might  narrow 
the  margin  of  error  which  ordinarily  attends  the  operations. 

1  Smith,  D.  E.,  and  Reeve,  W.  D.,  The  Teaching  of  Junior  High  School  Mathe¬ 
matics,  p.  202.  Ginn  and  Co.,  1927. 
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It  should  be  observed  that  addition  is  performed  in  terms  of 
the  absolute  values  of  numbers.  The  sign  of  the  operator  in 
every  instance  where  a  mathematical  operation  of  any  kind  is 
performed  possesses  the  sole  function  of  indicating  the  direction 
of  the  operation. 

Summary  of  Associative  Skills  of  Addition 

1.  The  sign  of  the  number  to  be  added  to  another  always  indi¬ 
cates  the  direction  of  the  addition  on  the  number  scale. 

2.  The  number  to  which  a  number  is  to  be  added  indicates  the 
point  of  departure  for  the  addition.  In  this  number  the  sign  is 
only  a  mark  of  identification. 

Manipulative  Skills  of  Addition 

The  illustrative  tables  (I  and  II)  of  manipulative  skills  are 
given  mainly  for  the  purpose  of  furnishing  a  graphic  picture  of 
the  practically  prohibitive  number  of  such  skills  from  the  stand¬ 
point  of  the  establishment  of  a  response  to  such  situations  on  a 
habit  plane  gained  by  practice  in  each  of  the  particular  situations. 

If  the  order  of  operation  is  from  the  top  down,  thus  adding  the 
upper  to  the  lower,  the  illustrative  situations  may  be  obtained 
by  interchanging  the  words  “lesser”  and  “greater”  in  columns 
one  and  two,  and  “Number”  and  “0”  in  columns  four  and  five. 

In  Table  II  the  manipulative  skills  of  addition  with  algebraic 
numbers  having  integral  coefficients  are  illustrated.  The  term  x 
may  be  thought  of  as  representing  any  algebraic  number  what¬ 
ever,  no  matter  how  complicated. 

As  in  the  case  of  Table  I,  if  it  is  desired  to  add  from  the 
top  down,  the  illustrations  already  given  in  Table  II  may  be 
made  to  serve  if  appropriate  changes  are  made  in  the  column 
headings. 

In  both  tables  the  column  rather  than  the  line  arrangement  of 
the  numbers  has  been  employed  for  convenience.  It  is  recognized 
that  probably  a  majority  of  algebraic  situations  involving  two 
numbers  are  of  the  line  variety,  but  the  column  arrangement  is 
also  common,  and  the  principle  of  procedure  is  in  no  wise 
affected  by  passing  from  one  to  the  other. 

In  Table  I  there  are  presented  45  jobs  each  requiring  its  own 
interpretation.  Table  II  increases  the  number  of  jobs  requiring 
an  interpretation  by  87  more,  making  a  total  of  132.  The  actual 
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number  of  expressions  that  may  occur  in  each  instance  is  un¬ 
limited.  Suppose  one  considers  each  specific  skill  contained  here 
as  belonging  to  a  group  of  9  others.  That  immediately  gives  a 
total  of  1,320,  or  a  sufficient  number  to  keep  a  pupil  busy  for 
some  time  were  he  to  depend  upon  his  memory  for  them.  The 
inclusion  of  decimals  would  nearly  double  this  number  of  com¬ 
binations. 

Table  I  gives  illustrations  of  manipulative  skills  of  addition 
with  integers  only: 

TABLE  I  * 

THIRD  MEANING  OF  +  EXPRESSED  BY  THE  IDEA  OF  ADDITION 


LOWER  NUMBER  ADDED  TO  UPPER 


Lesser 
Added  to 
Greaterf 

Greater 
Added  to 
Lesser 

Two 

Numbers 

Equal 

Number 
Added 
to  0 

0  Added 
to 

Number 

0  Added 
to  0 

Signs  of  Both 

Numbers 

Expressed 

Plus  added  to  plus 

+  7 

+  2 

+  6 

0 

+  3 

0 

+  3 

+  9 

+  6 

+  7 

0 

0 

Plus  added  to 

-8 

-3 

-7 

-5 

minus . 

+  2 

+  5 

+  7 

0 

Minus  added  to 

+  6 

+  7 

+  8 

0 

— 

plus  . 

—  3 

-9 

-8 

—  2 

Minus  added  to 

—  4 

-2 

-3 

minus . 

-3 

-5 

-3 

Signs  of  Only 

Minus  Numbers 

Expressed 

Plus  added  to  plus 

7 

2 

6 

0 

3 

3 

9 

6 

6 

0 

Plus  added  to 

-8 

-3 

—  7 

minus . 

2 

5 

7 

Minus  added  to 

6 

7 

8 

0 

plus . 

-0 

-9 

-8 

—  2 

— 

- - — 

— 

- - 

[ Table  continued  on  page  48] 

*  The  style  of  this  table  is  suggested  by  Smith  and  Reeve’s  The  Teaching  of 
Junior  High  School  Mathematics,  p.  200.  Ginn  and  Co.,  1927. 

t  The  words  “lesser”  and  “greater”  are  here  used,  not  with  reference  to  the 
algebraic  scale,  but  with  reference  to  their  absolute  values. 
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THIRD  MEANING  OF  +  EXPRESSED  BY  THE  SIGN 


LOWER 

NUMBER  ADDED  TO  1 

UPPER 

Lesser 
Added  to 
Greater  t 

Greater 
Added  to 
Lesser 

Two 

Numbers 

E(iual 

Number 
Added 
to  0 

0  Added 
to 

Number 

0  Added 
to  0 

Signs  of  Both 

Numbers 

Expressed 

Plus  added  to  plus 

+  7 

+  2 

+  6 

0 

+  3 

+  (+3) 

+  (+  9) 

+  (+6) 

+  (+7) 

+  (0) 

Plus  added  to 

-8 

—  3 

—  7 

minus . 

'  +  (+2) 

+  (+5) 

+  (+  7) 

Minus  added  to 

6 

7 

8 

0 

plus  . 

+  ( —  3) 

+  (—  9) 

+  (—  8) 

+  ( —  2) 

Signs  of  Only 

Minus  Numbers 

7 

2 

6 

0 

3 

Expressed 

+  3 

+  9 

+  6 

+  7 

+  0 

t  The  words  “lesser”  and  “greater”  are  here  used,  not  with  reference  to  the 
algebraic  scale,  but  with  reference  to  their  absolute  values. 

Even  a  slight  amount  of  practice  is  practically  impossible  on 
all  of  the  combinations  that  are  easily  possible.  It  would  seem 
as  though  it  were  fairly  apparent  that  limitations  of  time  practi¬ 
cally  preclude  the  possibility  of  giving  a  pupil  adequate  mastery 
of  even  the  facts  of  addition,  except  through  the  acquisition  and 
operation  of  an  associative  skill  which  serves  to  reduce  several 
hundred  manipulative  skills  of  algebraic  addition  to  a  number 
little,  if  any,  greater  than  the  manipulative  addition  skills  of 
arithmetic. 

In  order  to  perform  algebraic  addition  there  is  needed  besides 
the  associative  skills  of  directed  number,  page  41,  the  specific 
addition  associative  skills,  included  in  the  idea  of  more  and  less 
involved  in  the  number  scale.  The  addition  of  a  plus  number 
begins  at  the  point  in  the  scale  indicated  by  the  number  “added 
to”  and  proceeds  toward  the  right.  The  addition  of  a  negative 
number  begins  at  the  point  in  the  scale  indicated  by  the  number 
“added  to”  and  proceeds  to  the  left. 

These  last  two  statements  are  mere  rules  to  the  person  who 
sees  in  addition  nothing  but  a  manipulative  process.  The  state- 
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Coefficient 
of  Sum 
Under¬ 
stood 

H  © 
+ 

3£ 

1  + 

1  S3 

1  +  1 

HO 

|  33 

1  1 

1  H  HI 

Tt<  »D 

Lower 

Number 

0 

H  O 
05 

+ 

3° 

1  1 

I  H  O 

05 

1  <s° 

1  1 

Upper 

Number 

0 

O  H 
CM 

+ 

°3 

1 

1  O  H 

CM 

H  H 

H  H| 

1  H  H 

|  H  H 

|  H  H 

|  H  H 

1  H 

0«  Sal 

4;<h  3rj  oo 

+  + 

1  +1 

+  1 

1  1 

1  | 

1  1  1 

Coefficient 
of  Lower 
Number 
Under¬ 
stood 

H  H 

CM 

+  + 

H  HI 

lO 

1  +1 

1  H  H 
ID 

1  +1 

1  H  HI 
1  1  1 

1  H  H 

|  CM 

1 

1  i  1 

1  H  HI 

1  1  1 

Coefficient 
of  Upper 
Number 
Under¬ 
stood 

”3 

+  +  I 

*3| 

l+l 

H3| 
+ 1 1 

1  1  1  1 

1  H3 

CO  i 

I  H  H 

i  n\ 
1  1  1 

1  "SI 

1  1  1 

IS 

H  HI 
CO  CD 

331 

331 

1  331 

H  HI 

COCO 

|  331 

1  33] 

9  a> 
sH 

+  +  | 

1  l+l 

+  1  1 

Ini 

!  i  1 

1  1  1 

*■88 

H  HI 
CMOS 

I  331 

£31 

|  331 

H  HI 
CM  05 

I  33! 

1  £<S| 

+  +  | 

l+l 

+  1 1 

1  1  1 1 

1  1  1 

1  1  1 

uS*u 

|-gS 
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•  See  note  to  Table  I. 
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merits  are  an  expression  of.  a  generalized  conclusion  to  one  who 
possesses  besides  the  definition  of  +  and  —  as  directions  the 
associative  skill  of  connecting  the  ideas  of  more  and  le&s  with 
the  number  scale. 

Algebraic  Skills  of  Subtraction 

Subtraction  occupies  a  peculiar  position  among  the  funda¬ 
mental  operations.  Nothing  is  accomplished  by  algebraic  sub¬ 
tracting  that  is  not  achieved  by  algebraic  adding.  If  either 
addition  or  subtraction  as  distinct  names  and  processes  could  be 
eliminated  from  vocabulary  and  thought  nothing  in  the  way  of 
mathematical  facility  or  flexibility  would  be  lost  and  the  subject 
of  mathematics  would  be  materially  improved  by  simplification. 

To  a  person  in  the  eleventh  century  who  multiplied  by 
“doubling”  and  “halving”  those  were  necessary  processes.  We  get 
along  to-day  not  only  without  the  processes,  but  also  without 
the  words  themselves,  so  far  as  their  having  any  technical  opera¬ 
tive  sense  is  concerned.  It  is  not  impossible  that  the  same  lapse 
into  oblivion  is  destined  eventually  for  the  word  subtraction. 
Subtraction  is  found  as  a  distinct  topic  in  all  of  our  textbooks, 
and  most  people  believe  in  it  as  they  believe  in  anything  whose 
existence  and  utility  they  have  never  questioned. 

If  pupils  are  to  be  taught  subtraction  it  would  be  doubtful 
psychology  to  begin  their  instruction  with  a  pronouncement  of 
its  uselessness  or  a  statement  to  the  effect  that  they  will  be  able 
to  do  nothing,  after  learning  subtraction  as  a  separate  operation, 
that  they  could  not  already  do  by  addition.  The  teacher,  however, 
should  know  the  facts  in  order  to  avoid  the  confusion  that  often 
accompanies  an  attempt  to  reconcile  the  operations  of  addition 
and  subtraction. 

We  have  already  seen,  page  45,  that  the  addition  of  a  positive 
number  simply  has  the  effect  of  yielding  a  result  indicated  by  a 
number  on  the  scale  at  the  right  of  the  point  from  which  the 
addition  proceeds,  while  the  addition  of  a  negative  number  has 
the  effect  of  yielding  a  result  indicated  by  a  number  at  the  left 
of  the  point  on  the  scale  from  which  the  addition  proceeds.  Sub¬ 
traction  as  ordinarily  interpreted  is  the  reverse  of  addition;  the 
reason  that  this  statement  is  meaningless,  in  effect,  is  that  addi¬ 
tion  already  takes  both  of  the  directions  of  algebraic  directed 
numbers. 
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From  this  point  subtraction  will  be  treated  as  though  it  were 
actually  a  separate  process. 

Algebraic  subtraction  of  two  numbers  may  be  thought  of  as 
the  process  of  finding  what  number  must  be  added  to  one  number 
to  produce  another.  The  number  added  is  called  a  difference , 
but  there  are  some  language  difficulties  to  be  overcome  in  deal¬ 
ing  with  the  operation.  The  expression 

Take  away  — 3  from  +  4 

is  perfectly  definite;  it  means,  “Find  the  number  which,  added 
to  —  3,  gives  a  sum  -}-  4.”  The  number  scale  associative  skills  of 
page  45  make  it  apparent  that  the  number  to  be  added  is  -f-  7. 
Or  if  the  problem  is  stated  in  the  similar  form,  but  with  different 
numbers,  as  take  away  —  9  from  —  7  the  same  associative  skill 
gives  the  answer  +  2.  But  if  the  problem  in  subtraction  is  stated 
as  what  is  the  difference  between  —  3  and  +  4,  it  is  necessary  to 
give  the  expression  an  arbitrary  or  technical  significance  which 
the  language  itself  does  not  convey,  because  if  —  3  is  taken 
away  from  -f-  4  the  result  is  7,  but  if  -f-  4  is  taken  away  from 
—  3  the  result  is  —  7. 

In  view  of  the  ambiguity  of  the  phrase  difference  between  it 
would  seem  wise  to  use  some  other  expression  unless  the  context 
were  such  as  to  indicate  clearly  which  number  is  to  be  taken 
away.  Once  the  problem  has  been  reduced  to  writing  its  inter¬ 
pretation  is  well  standardized.  The  number  expression 

2  —  (+  3) 

means  that  3  is  the  number  to  be  taken  away.  The  meaning  of 
1  subtraction  being  the  finding  of  the  number  which  must  be  added 
to  the  one  taken  away  to  produce  the  other,  the  result  of  taking 
away  -j-  3  from  -f-  2  is  —  1.  Likewise,  the  number  expression 

7 


where  it  is  understood  that  the  two  numbers  are  to  be  sub¬ 
tracted,  always  means  that  the  lower  number  is  to  be  taken  away 
from  the  upper  In  these  two  particulars,  form  of  expression  and 
interpretation  are  well  standardized.  The  number  which  must  be 
added  to  —  9  to  produce  7  is,  according  to  the  associative  skill  of 
addition  (see  page  45),  the  number  16. 
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It  will  be  observed  that  the  process  of  subtraction  is  one  of 
starting  from  the  place  in  the  number  scale  denoted  by  the 
number  to  be  taken  away  and  going  in  the  direction  which  must 
be  taken  to  obtain  the  other  number  given.  The  relative  posi¬ 
tions  of  the  two  numbers  on  the  number  scale  thus  always  give 
both  the  directed  sign  and  the  absolute  value  of  the  result.  This 
associative  skill  of  reconciling  the  meaning  of  the  operation  with 
the  number  scale  implications  furnishes  at  once  both  a  precise 
idea  of  the  direction  of  the  result  and  a  rough  indication  of  the 
absolute  measure  of  the  result. 

The  fact  that  opportunities  for  comparison  between  addition 
and  subtraction  are  so  numerous  introduces  the  possibility  for  a 
confused  state  of  mind  toward  the  two  operations  to  such  an 
extent  that  it  may  be  better  to  develop  the  associative  skill  of 
subtraction  analytically  rather  than  graphically. 

Let  the  relations  between  remainder,  minuend,  and  subtrahend 
in  algebra  be  represented  by 

d  —  m  —  s 

(see  The  Equation  and  Related  Skills,  page  84). 

This  is  reasonable,  since  subtraction  is  the  process  of  taking 
one  number  from  another,  and  the  result  of  this  operation  is  a 
difference. 

Now  if  m  takes  for  the  time  being  any  fixed  value  whatever,  it 
becomes  apparent  that  any  increase  in  the  value  of  s  diminishes 
d  and  any  decrease  in  the  value  of  s  increases  d.  These  facts  may 
not  be  intuitional.  Their  algebraic  counterpart  needs  further 
explanation.  The  ideas  contained  in  an  interpretation  of  the 
changes  in  the  value  of  d  affected  by  changes  in  the  relative 
values  of  m  and  s  are  explained  in  the  discussion  of  associative 
skills  of  relation,  p.  76,  and  they  may  be  illustrated  inductively 
by  the  following  scheme  of  substitution: 

Suppose  that  in  the  formula  above,  m  assumes  the  fixed  value 
9;  then 

If  s  is  4,  d  is  5 

If  s  is  6,  d  is  3 

If  s  is  8,  d  is  1 

If  s  is  10,  d  is  —  1 

If  s  is  12,  d  is  — 3 

If  s  is  14,  d  is  —  5 


Directed  Numbers 


53 


and  so  on,  as  may  be  readily  verified  from  the  scale  of  numbers, 
page  45. 

Let  us  investigate  what  happens  when  s  decreases. 

Likewise  by  referring  to  the  scale  of  numbers,  we  may  see  that: 


If 

s 

is 

2, 

d 

is 

7 

If 

s 

is 

1, 

d 

is 

8 

If 

s 

is 

0, 

d 

is 

9 

If 

s 

is  - 

-1, 

d 

is 

10 

If 

s 

is  - 

-2, 

d 

is 

11 

If 

s 

is  - 

-3, 

d 

is 

12 

The  facts  of  the  last  three  subtractions  become  apparent  if  we 
note  that  each  decrease  by  1  in  s  increases  the  value  of  d  by  1. 
The  subtraction  of  a  negative  number  thus  gives  the  same  result 
as  the  addition  of  a  positive  number  and  the  subtraction  of  a 
positive  number  gives  the  same  result  as  the  addition  of  a  nega¬ 
tive  number,  which  is  consistent  with  the  statements  made  on 
page  50  concerning  addition  and  subtraction. 

It  may  be  noted  that  this  interpretation  of  subtraction  actually 
parallels  the  process  of  subtraction.  The  explanation  sometimes 
encountered  where  the  difference  between  9  and  —  3  is  shown  by 
actual  count  on  the  scale  to  be  12  is  not  a  process  illustrative  of 
subtraction,  but  of  addition. 

For  an  explanation  of  the  process  of  subtraction  when  the 
minuend  is  negative,  let  m  be  any  negative  number  and  apply 
the  same  set  of  values  of  s. 

Summary  of  Associative  Skills  of  Subtraction 

Subtraction  means  adding  to  the  number  taken  away  a  number 
sufficient  to  produce  the  other,  and  both  direction  and  absolute 
value  of  the  result  are  determined  by  the  relative  positions  of  the 
two  numbers  on  the  number  scale.2 

Algebraic  Skills  of  Multiplication 

Multiplication,  like  other  operations,  must  exhibit  a  con¬ 
tinuity  throughout  the  number  scale.  The  rule  of  signs,  “Like 
signs  give  plus,  unlike  signs  give  minus,”  in  multiplication  has 

2  An  illustration  of  all  of  the  types  of  manipulative  skills  of  subtraction  is 
to  be  found  in  Smith  and  Reeve’s  Teaching  of  Junior  High  School  Mathematics, 
page  200.  Ginn  &  Co.,  1927. 


54 


The  Fundamental  Skills  of  Algebra 


the  advantage  of  brevity  and  it  works,  but  it  gets  squarely  in  the 
way  of  addition  and  subtraction  and,  at  the  best,  conveys  no  idea 
whatever  of  the  mathematical  relationships  between  the  numbers 
of  the  algebraic  scale  which  make  the  rule  operative. 

Four  distinct  types  of  multiplication  with  directed  numbers  are 
to  be  observed,  which  may  be  illustrated  by  allowing  a  to  repre¬ 
sent  the  multiplicand  and  b  to  represent  the  multiplier. 

(1)  +  cl  X  (+  b) 

(2)  +aX(-b) 

(3)  -aX(+b) 

(4)  -aX(-b) 

In  all  these  types  a,  the  quantity  to  be  multiplied,  may  be  con¬ 
sidered  as  a  number  to  be  added  or  subtracted,  beginning  from  0, 
while  b  may  be  considered  as  denoting  whether  a  (-f  or  — )  is  to 
be  added  or  subtracted,  and  how  many  times.  When  b  takes  the 
sign  +  it  means  that  a  is  to  be  added,  when  b  takes  the  sign  — 
it  means  that  a  is  to  be  subtracted.  This  is  a  primary,  funda¬ 
mental  meaning  of  the  symbolism  as  it  is  employed,  and  the 
meaning  must  be  obtained  in  the  same  way  that  the  vocabulary 
of  a  foreign  language  is  acquired — through  a  direct  statement  of 
the  significance  of  the  forms  as  they  are  used. 

Once  the  facts  have  been  stated  that  a  X  (+6)  means  that  a 
is  to  be  added  b  times,  from  0  as  the  initial  point,  and  that 
a  X  (—  b)  is  an  expression  for  a  multiplied  by  —  b,  and  that  this 
means  a  subtracted  b  times,  the  interpretation  of  what  this 
amounts  to  is  a  matter  for  the  exercise  of  the  associative  skills 
of  subtraction. 

In  the  same  way  the  expression  —  a  X(+  b)  has  a  primary 
meaning  of  —  a  added  b  times.  Also  the  expression  —  a  X  (—  b) 
has  a  primary  meaning  of  —  a  subtracted  b  times. 

In  the  first  case  if  a  is  considered  as  a  unit  on  the  number  scale, 
the  addition  of  +  a  any  number  of  times  is  going  to  give  a  -f 
sum  (see  Associative  Skill  of  Addition,  page  43)  and  the  abso¬ 
lute  value  of  this  sum  is  going  to  be  a  taken  b  times.  A  more 
abbreviated  way  of  writing  this  result  is  -f-  ab  or  ab. 

In  the  second  case  the  expression  -f-  a  X  (—6)  means  that  +  a 
is  to  be  subtracted  and  that  the  number  of  times  it  is  to  be  sub¬ 
tracted  is  b.  The  subtraction  of  +  a  once  is  going  to  yield  a 
difference  of  —  a.  That  is,  the  number  that  must  be  added  to 
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-f  a  to  produce  0  is  —  a.  (See  Associative  Skill  of  Subtraction, 
page  53.)  The  subtraction  again  of  -J-  a  from  —  a  is  going  to 
yield  —  2a,  and  so  on.  The  continued  subtraction  of  -f-  a  any 
number  of  times  is  going  to  yield,  a  —  difference,  and  the  absolute 
value  of  this  difference  is  going  to  be  b  times  a.  An  abbreviated 
way  of  expressing  this  fact  is  —  ab. 

In  the  third  case  —  a  X  (+6)  means  that  —  a  is  to  he  added  b 
times.  The  addition  of  —  a  once  is  going  to  yield  —  a ;  the  addi¬ 
tion  of  —  a  twice  yields  —  2a,  and  so  on.  The  sum  in  this  case  is 
going  to  be  minus  and  the  absolute  value  is  going  to  be  repre¬ 
sented  by  a  taken  whatever  the  number  of  times  is,  in  this  case 
b.  The  abbreviated  form  in  which  the  value  of  a  minus  number, 
whose  absolute  value  is  a  times  b,  is  written  is  —  ab. 

In  the  fourth  case  the  expression  —  a  X  (—5)  means  that  —  a 
is  to  be  subtracted  and  that  the  number  of  times  it  is  to  be  sub¬ 
tracted  is  6.  The  subtraction  of  —  a  once  yields  a  difference  of 
a ;  the  subtraction  of  —  a  from  this  difference  in  turn  yields  2a, 
and  so  on.  The  continued  subtraction  of  —  a  until  it  has  been 
subtracted  £r times,  yields  a  difference  whose  sign  is  -j-  and  whose 
absolute  value  is  ab.  This  may  be  written  +  ab  or  ab. 

A  somewhat  detailed  suggestion  for  introducing  the  idea  of 
directed  numbers  in  multiplication  will  be  found  on  the  following 
page.  The  more  concrete  exposition  found  there  may  be  clearer 
than  the  generalized  discussion  of  meanings  as  given  here. 

From  the  standpoint  of  immediate  results  it  cannot  be  doubted 
that  the  acquisition  of  the  associative  skills  of  multiplication 
will  consume  more  time  than  will  be  required  to  learn  the  rule 
“like  signs  give  plus,  unlike  signs  give  minus,”  but  one  method 
involves  the  element  of  understanding,  the  other  requires  the 
pupil  to  respond  in  definite  ways,  but  blindly,  to  certain  situa¬ 
tions.  If  the  main  object  in  algebra  is  to  enable  pupils  to  think 
in  terms  of  processes,  it  would  seem  that  consideration  should  be 
given  to  making  these  processes  take  on  a  significance  that  ex¬ 
tends  beyond  their  mechanical  aspects. 

Summary  of  Associative  Skills  of  Multiplication 

1.  The  sign  of  the  multiplier  indicates  whether  the  process  of 
multiplication  is  to  be  thought  of  in  terms  of  addition  or  of  sub¬ 
traction. 

2.  As  soon  as  the  nature  of  the  process  (that  is,  whether  of 
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addition  or  subtraction)  has  been  determined,  the  associative 
skills  of  addition  and  subtraction  determine  the  sign  of  the  result. 

3.  The  sign  of  the  result  in  multiplication  is  +  when  a  plus 
number  is  added  [  (+  a)  X  (  +  b)]  or  when  a  minus  number  is 
subtracted  [(—  a)  X  (—5)]. 

4.  The  sign  of  the  result  in  multiplication  is  minus  when  a  plus 
number  is  subtracted  [(-fa)  X  (—5)]  or  when  a  minus  number 
is  added  [  (—  a)  X  (+  b)  ] . 

A  TYPICAL  CLASS  EXERCISE 

There  follow  suggestions  for  typical  exercises  in  introducing  the 
associative  skills  of  directed  number  in  multiplication: 

DIRECTED  NUMBERS  IN  MULTIPLICATION 

A  lesson  in  the  multiplication  of  directed  numbers  presupposes  skill 
in  addition  and  subtraction.  A  first  lesson  might  employ  the  number  scale 
directly,  but  very  soon  the  scale  as  a  visible  aid  should  be  discarded. 

—  8  —7  — 6  — 5  — 4  — 3  — 2  —1  012345678 


If  4  is  added  to  0  what  is  the  sum? 

If  another  4  is  added  to  the  sum  above  what  is  the  result? 

This  sum  represents  the  addition  of  how  many  4’s? 

Might  the  sum  8  be  thought  of  as  having  been  obtained  in  any  other 
manner  than  as  the  result  of  4  +  4?  [Yes,  as  4  X  (+2).] 

If  another  4  is  added  to  the  last  sum  above,  what  is  the  sum  now 
obtained? 

This  sum  represents  the  addition  of  how  many  4’s? 

Might  we  think  of  this  sum  as  having  been  obtained  in  any  other  way 
than  as  4  +  4  +  4?  [Yes,  as  three  times  4;  which  is  written  4  X  (+  3).] 
What  is  the  result  of  adding  — 5  to  0? 

If  to  the  sum  — 5  above  we  add  another  — 5,  what  is  the  final  sum? 

Of  how  many  — 5’s  does  — 10  represent  the  sum? 

Could  — 10  be  thought  of  as  having  been  obtained  in  any  other  manner 
than  by  adding  (—5)  and  (—5)?  [Yes,  (—5)  and  (—5)  is  equal  to 

—  5  X  (+2).] 

This  type  of  exercise  may  be  continued  until  the  pupil  is 
able  to  generalize  in  terms  of  —  7  X  (+3),  —  5x  (+8),  and 

—  n  X  (+  m),  where  —  7  X  (+3)  is  read  '‘minus  seven  multi¬ 
plied  by  plus  three.”  This  is  a  better  form  than  “minus  seven 
times  plus  three,”  because  the  latter  form  of  expression  gives  no 
intimation  of  which  number  is  multiplied  and  which  is  the  mul- 
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tiplier.  As  to  an  understanding  of  the  process,  this  distinction  is 
essential. 

What  is  the  result  of  adding  — 5  to  0? 

How  many  — 5’s  does  this  represent  the  addition  of? 

If  to  the  sum  — 5  above  we  add  another  — 5,  what  is  the  final  sum? 

How  many  — 5’s  does  this  represent  the  sum  of? 

Could  this  sum  be  thought  of  in  any  other  way  than  as  ( — 5)  +  ( — 5)? 

[And  so  on.]  Can  you  tell  now  what  (—5)  X  3  would  be?  (—5)  X  8? 
(—5)  X  11? 

If  7  is  subtracted  from  0,  what  is  the  difference? 

This  represents  the  subtraction  of  how  many  7’s? 

If  from  the  difference  obtained  above  another  7  is  subtracted,  what 
difference  does  that  give? 

How  many  7’s  have  now  been  subtracted? 

Could  this  result  be  thought  of  in  any  other  way  than  as  — 7  —  (+7)? 
[Yes,  as  7  X  (-2).]  Can  you  now  tell  what  7  multiplied  by  —5, 
7  X  (—5),  would  be?  7  X  (—9)? 

If  — 9  is  subtracted  from  0  what  is  the  difference? 

How  many  — 9’s  have  now  been  subtracted? 

If  from  the  difference  aoove  another  — 9  is  subtracted,  what  is  the 
difference? 

How  many  9’s  have  we  now  subtracted? 

How  else  might  —18  be  thought  of?  As  0  —  (—  9)  —  (—  9)?  As  — 9 
multiplied  by  — 2? 

[And  so  on  for  a  number  of  examples.] 

Can  you  tell  what  the  result  will  be  of  multiplying  —-9  by  —7;  i.e., 
(—9)  X  (—  7)?  (—  9)  X  (— 10)? 


What  have  you  observed  concerning  the  signs  of  the  results? 

Have  you  observed  anything  about  the  examples  that  would  enable 
you  to  determine  the  sign  of  the  result  even  before  you  multiply? 

State  your  conclusions. 

Algebraic  Skills  of  Division 
The  typical  expression  for  division  in  algebra  is 
a 


where  the  number  a  is  divided  by  the  number  b  and  the  result  is 
the  number  c. 

From  the  fundamental  associative  skill  of  relation  (see  page 
88)  this  expression  means  that  a  is  equal  to  c  multiplied  by  b,  or 

a  — be 

Since  be  is  a  product,  the  associative  skills  of  multiplication  apply 
to  the  signs  of  the  numbers. 
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Four  cases  may  be  distinguished  where  signs  of  the  numbers  to 
be  divided  are  involved: 

(1)  +t=2? 

<2>  ti=2? 

(3)  -±f  =2? 

(4)  =  2? 


In  the  first  case  the  sign  of  the  second  number  must  be  such 
that  when  the  second  number  is  multiplied  by  +  b  the  sign  of 
the  result  is  that  of  -f  a.  The  associative  skills  of  multiplication 
(see  page  54)  show  that  the  only  sign  that  can  produce  a  -f- 
result  when  multiplied  by  a  +  number  is  -f-.  If  therefore  follows 

that  the  sign  of  the  result  of  is  -f. 

‘Likewise,  the  associative  skills  of  multiplication  indicate  that 


the  result  of  -—7-  is 

+  0 


;  that  of 


+  a 

-b 


is  — ;  and  that  of  — g-  is  +, 


Summary  of  Associative  Skills  of  Directed  Numbers  in  Division 

The  associative  skills  of  multiplication  apply  directly  to  all 
cases  in  division  so  that  when  the  numbers  to  be  divided  are  both 
+,  or  both  — ,  the  sign  of  the  result  is  +.  When  the  signs  of  the 
numbers  to  be  divided  are  one  -f*  and  the  other  —  the  sign  of  the 
result  is  — . 
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CHAPTER  VI 

ASSOCIATIVE  SKILLS  OF  INTERPRETATION 

Algebra  is  a  subject  in  which  the  pupil  is  constantly  called 
upon  to  give  new  meanings  to  forms  of  language  with  which  he 
has  long  been  familiar,  and  to  which  meanings  utterly  foreign  to 
algebra  have  already  been  attached. 

Manipulation  with  algebraic  symbols  is  often  relied  upon  to 
give  meaning  to  symbols  and  processes,  but  faith  in  exercise  of 
this  kind  does  not  seem  to  be  paralleled  by  results.  If  in  the 
formula  a  =  Iw  a  pupil  can  always  solve  correctly  for  l  that 
ability  seems  to  furnish  little  evidence  that  the  operation  has 
any  more  numerical  significance  than  opening  a  window  or  ad¬ 
justing  a  hat  or  making  any  other  rearrangement  of  materials. 

Where  a  =  Iw,  it  may  be  possible  to  have  l  =  ^  as  the  result  of 

a  “shift”  of  position,  and  to  have  the  solution  mean  absolutely 
nothing  more  than  a  shift.  That  this  is  true  is  indicated,  if  not 
proved,  when  after  a  year  and  a  half  spent  in  studying  algebra, 
pupils  will  write  the  value  of  h  in 

A=1-h(b  +  b') 

in  1  twenty-six  ways  that  are  wrong.  Out  of  549  pupils  97,  or 
17.4  per  cent,  contributed  to  the  incorrect  results.  Even  those  who 
solved  correctly  the  equation  given  above  demonstrated  their 
weakness,  so  far  as  comprehension  is  concerned,  by  inability  to 
formulate  the  equation  for  (not  solve)  the  following  problem: 

A  ladder  20  ft.  long  reaches  a  window  16  ft.  above  the  ground.  Assum¬ 
ing  that  the  ground  is  level,  how  far  is  the  foot  of  the  ladder  from  the 
front  of  the  wall? 

In  this  case  144  students,  or  26.2  per  cent,  missed  the  problem, 
and  of  these  same  pupils,  exactly  100  solved  correctly  for  h  in 
the  equation  given  above. 


See  Appendix,  p.  107. 
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Further  evidence  that  apparent  solutions  are  sometimes  of 
the  nature  of  a  shift  of  position,  rather  than  the  result  of  the 
application  of  principles  is  found  in  the  fact  that  in  the  same 
group  of  549  pupils  only  6,  or  1  per  cent,  were  unable  to  solve 
correctly  for  l  in  the  equation 


but,  as  pointed  out  above,  97,  or  16  times  as  many  as  failed  to 
solve  for  l,  were  unable  to  obtain  the  correct  value  for  h  in  the 
equation 

A  =  ±h(b  +  b') 

although  the  mathematical  'principles  involved  in  these  two 
equations  are  identically  the  same. 

If  a  pupil  knew  what  he  was  doing,  operations  performed  with 
symbols  might  give  meaning  to  both  symbols  and  processes,  but 
when  rearrangements  alone  are  affected,  the  pupil  neither  knows 
nor  uses  any  mathematical  principles  whatever.  Although  con¬ 
tinued  practice  in  rearrangement  increases  certain  types  of 
facility,  there  is  little  reason  for  belief  that  it  increases  under¬ 
standing.  To  an  element  of  appreciation  that  puts  mathematical 
meaning  into  the  use  of  algebraic  symbols  we  shall  attach  the 
name  associative  skill  of  interpretation.  For  instance  n  as  an 
algebraic  symbol  may  stand  for  a  great  variety  of  meanings 
foreign  to  the  subject  and  still  take  on  every  appearance  of  being 
used  correctly  in  an  algebraic  expression.  If  n  is  a  number,  the 
question  “What  is  twice  the  number?”  may  elicit  the  correct 
response,  2 n;  but  n  may  remain  a  letter,  it  may  represent  the 
word  “number,”  it  may  stand  for  an  identification  mark  of  a 
something  that  fits  the  case,  just  as  a  certain  monogram  identi¬ 
fies  a  motor  car,  or  it  may  stand  for  some  object  like  “sheep.” 
The  expression  “2  sheep”  has  some  numerical  implications,  but 
its  meaning  is  not  pertinent  to  an  algebraic  number  as  usually 
employed. 

Even  to  recognize  n  as  a  number  is  but  a  small  beginning 
toward  appreciating  its  full  significance.  In  the  expression  2 n,  n 
is  usually  not  only  a  number,  but  it  is  also  a  unit  of  value  and  is 
capable  of  representation  aS  such  in  the  number  scale.  (See 
page  37.) 
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If  n  is  a  unit  of  value,  it  should  be  noted  that  it  may  be  either 
a  primary  unit,  complete  in  itself,  or  an  expression  of  the  measure 
of  a  magnitude  in  terms  of  some  other  unit  of  measure.  Thus,  in 
the  first  sense,  n  may  be  a  unit  of  length,  a  box,  a  quantity  of 
electrical  energy,  or  anything  else  to  which  measure  or  even  the 
idea  of  existence  may  be  applied.  In  this  sense  it  is  conceivable 
that  n  might  represent  merely  the  letter  of  the  alphabet,  though 
this  would  be  an  extreme  case  and,  in  most  instances,  it  would  be 
entirely  misleading  so  to  consider  the  symbol  in  any  algebraic 
expression  of  quantity. 

In  the  second  sense  which  may  be  given  to  the  interpretation 
of  the  meaning  of  n,  its  significance  is  that  of  a  measured  quan¬ 
tity  of  any  kind,  as,  for  instance,  six  dollars,  half  a  mile,  or 
one-fifth  of  a  circumference.  In  all  of  these  cases  the  primary 
unit  of  measure  is  something  other  than  n  itself,  being,  in  the 
illustrations  given,  respectively  the  dollar,  the  mile,  and  the  cir¬ 
cumference.  But  whether  n  is  a  primary  unit  or  not,  its  use  as  a 
unit  of  expressed  value  in  an  algebraic  expression  is  of  the  same 
nature  in  every  instance. 

When  used  as  a  number,  n  takes  on  every  characteristic  that 
may  be  assumed  by  any  number ;  it  may  be  concrete  or  abstract, 
positive  or  negative,  integral  or  fractional,  and  so  on. 

Looked  at  as  a  number,  n  may  be  an  element  of  any  group  of 
numbers  which  enter  into  an  algebraic  expression,  or  n  is  a 
number  element  in  any  algebraic  operation ;  thus  in  n  -f-  b,  n  is 
some  number  to  be  added  to  6.  (It  should  be  observed  that  n  has 
been  employed  in  the  preceding  discussion  to  represent  any 
algebraic  symbol  whatever;  b,  therefore,  takes  on  any  of  the 
attributes  of  n.) 

The  term  n  +  b  itself  is  also  a  number  and  may  be  treated  as 
such  the  same  as  though  the  value  represented  by  n  -f-  b  had 
been  expressed  by  a  single  symbol:  2{n-\-b)  is  such  a  use  of 
n  -f  b,  where  this  number  is  multiplied  by  2.  That  juggling  with 
letters  is  often  mistaken  for  the  exercise  of  mathematical  prin¬ 
ciples  is  indicated  by  the  results  given  in  Appendix  of  this  study, 
Section  II,  page  106.  An  examination  of  the  work  done  through¬ 
out  the  year  and  on  final  examination  by  more  than  six  hundred 
pupils  seems  to  furnish  conclusive  evidence  that  very  frequently 
pupils  study  algebra  for  one  and  two  years  without  actually 
realizing  that  they  are  dealing  with  numbers. 
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Primary  Meanings  as  Contrasted  with  Algebraic  Processes 

Each  one  of  the  fundamental  operations  has  two  or  more 
aspects:  that  of  an  indicated  operation  and  that  of  the  operation 
performed.  The  sum  of  2a  and  36  is  2a  +  36,  the  operation  con¬ 
sisting  in  admitting  that  the  sum  is  the  sum ;  but  the  sum  of  2a 
and  3 a  is  not  only  2a  +  3a ;  but  also  5a.  In  the  latter  case  there 
is  actually  some  operation  to  be  performed.  The  cultivation  of 
ability  to  distinguish  between  an  indicated  operation  and  an 
p  actual  operation  is  probably  an  associative  skill  of  the  highest 
order  of  importance  in  algebra. 

In  subtraction  the  same  kinds  of  situations  are  encountered  as 
in  addition. 

In  multiplication,  the  multiplication  of  a  and  6  is  completed 
by  admitting  that  multiplication  gives  a  product  and  writing  or 
thinking  the  proper  phraseology  of  a  product,  which  is  a  X  6  or, 
as  more  frequently  expressed,  ab;  but  the  product  of  5 a  and  66 
presents  still  another  step ;  for  5a  X  66  equals  30a6 ;  while  the 
product  of  5a  and  6a  goes  still  further  and  yields  30a2. 

The  operation  involved  in  changing  a  X  a  X  cl  to  a3  is  one  of 
counting.  There  is  no  way  of  proving  that  a  X  a  X  a  =  a3.  The 
two  forms  are  merely  different  ways  of  expressing  the  measure 
of  the  same  quantity. 

On  the  other  hand,  once  we  have  given  to  a3  its  meaning,  we 
are  able  to  express  the  value  of  the  product  of  a3  and  a4"  and  to 
prove  that  it  equals  a7. 

Likewise  there  is  no  operation  involved  in  expressing  x~ 2  as— 2 

x 

or  Vz  as  xb  except  the  operation  of  writing.  Whatever  skills  there 
are  in  recognizing  the  two  forms  as  equivalent  are  of  the  nature 
of  definitions,  not  of  reduction  from  one  form  to  the  other  by  an 
application  of  mathematical  laws  or  processes. 

The  General  Scheme  of  Number  Expression 

The  way  in  which  number  values  are  expressed  in  algebra 
begins  to  differ  sharply  from  the  arithmetical  method  when  more 
than  one  symbol  is  employed.  The  meaning  of  ab  is  a  matter  of 
multiplication;  each  factor  affects  the  other  in  making  up  the 
value  of  the  number.  In  arithmetic,  the  meaning  of  26  is  derived 
by  a  process  of  addition.  Both  digits  are  necessary  to  the  num- 
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ber,  but  they  operate  alone.  If  we  add  20  to  6  we  get  the  number, 
but  in  ab  if  we  add  a  to  b  we  obtain  something  totally  different 
from  ab.  The  result  of  all  this  is  that  in  such  a  number  expression 
as  I4:xy  we  have  two  distinct  ways  in  which  the  separate  symbols 
contribute  to  the  number.  Fortunately  the  arithmetical  or 
Arabic-numeral  portion  of  algebraic  numbers  does  not  change 
either  in  form  or  in  interpretation  as  the  pupil  passes  from  one 
subject  to  the  other,  but  wherever  either  multiplication  or 
division  is  applied  to  an  algebraic  number,  the  distinctions  that 
have  been  pointed  out  must  be  observed. 

If  14 xy  is  to  be  multiplied  by  Ax,  the  4  and  the  x  of  the  two 
numbers  have  different  kinds  of  meanings  whose  significance 
cannot  be  appreciated  without  the  associative  skill  which  recog¬ 
nizes  a:  as  a  factor,  while  4  assumes  an  office  not  as  a  factor,  in 
contributing  to  the  value  of  the  coefficient  of  14 xy;  but  the 
coefficient  as  a  whole  enters  into  the  expression  as  a  factor. 

Besides  the  number  types  illustrated  by  a,  abc,  and  4 xy  there 
remains  to  be  considered  those  with  exponents,  appearing  in  the 
form  of  a3,- 7a2,  and  6 a2b3.  The  role  fulfilled  by  a  number  appear¬ 
ing  as  an  exponent  is  that  of  indicating  an  operation.  The  3  in 
a3  means  something  totally  different  from  the  3  in  3a,  and  some¬ 
thing  still  different  from  the  3  in  32a.  In  the  last  two  numbers 
the  3  is  itself  combined  with  a  by  a  mathematical  operation  (that 
of  multiplication)  to  make  up  the  value  of  the  number.  In  a3,  on 
the  other  hand,  the  3  is  not  combined  with  the  a  in  any  manner 
whatever;  a3  has  a  value  that  depends  entirely  upon  a  itself; 
the  3  neither  is  added  to,  subtracted  from,  multiplied  into,  nor 
divided  into  a.  The  3  plays  somewhat  the  role  of  a  governing 
force,  merely  taking  account  of  and  determining  the  way  in 
which  a  acts. 

Pupils  who  are  confused  with  regard  to  the  measuring  of  ex¬ 
ponents  as  contrasted  with  coefficients  undoubtedly  contribute 
heavily  in  supplying  the  28  types  of  errors  found  in  simplifying 

16a3  -  8a5 
4a2 

(See  Appendix,  p.  106.) 

Reference  has  already  been  made  to  the  fact  that  such  a  com¬ 
bination  of  symbols  as  n  -}-  b  may  represent  a  number  instead  of 
two  or  more  numbers.  Wherever  a  sign  of  aggregation  occurs  such 
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an  interpretation  is  always  placed  upon  the  expression.  This  is  a 
part  of  algebraic  language.  In  the  expression 

a  —  (2x  -(-6  —  o) 

the  quantity  within  the  parenthesis  is  treated  as  a  number  and 
the  expression  should  be  interpreted  as  calling  for  the  subtrac¬ 
tion  of  2x  +  b  —  a.  The  bar  separating  the  numerator  and  de¬ 
nominator  of  a  fraction  operates  in  precisely  the  same  manner 
as  does  any  other  sign  of  aggregation.  Failure  to  recognize  this 
fact  was  apparent  in  the  errors  found  in  the  reduction  of  the 
fraction  discussed  on  the  preceding  page. 

PI 

The  same  pupils  who  solved  for  l  in  A  =  —  with  almost  per¬ 
fect  accuracy  (99  per  cent)  and  only  two  types  of  errors,  found 

_  g^5 

28  different  (wrong)  results  for - j-j- — and  10.9  per  cent  of 

*tGL 

the  pupils  made  the  wrong  response.  If  we  attempt  to  analyze  the 
discrepancy,  force  is  given  to  the  claim  that  mere  manipulation 
in  the  guise  of  a  change  of  form,  not  involving  mathematical 
operation,  often  leads  to  deceptive  estimates  of  a  pupil’s  algebraic 
abilities. 

PI 

A  =  —  is  a  form  sufficiently  short  to  be  remembered.  It  can 

z 

be  put  into  acceptable  form  without  any  algebra  whatever;  but 

4a*  "  ~~  Presen^s  a  rea^  Pr°blem,  into  which  meanings  have  to 

enter,  because  of  its  length.  The  results  obtained  seem  to  indi¬ 
cate,  on  the  part  of  very  many  pupils,  such  weaknesses  in  dealing 
with  the  fractions  as  to  throw  considerable  suspicion  upon  an 
assumption  of  real  ability  in  the  case  of  the  formula  stated,  not¬ 
withstanding  the  apparent  perfection  oi  technique  on  the  part  of 
many  pupils. 

Fundamental  Operations  with  Algebraic  Numbers 

In  arithmetic  the  fundamental  notion  is  one  of  operation  with 
numbers.  In  algebra  the  fundamental  idea  is  one  of  relation, 
followed  by  processes.  Accordingly,  the  meaning  of  algebraic 
processes  is  very  largely  included  in  the  forms  of  expression 
themselves.  For  the  most  part,  to  be  able  to  read  the  language 
of  algebra  is  to  understand  its  operations. 
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ADDITION 

Ability  to  add  is  preeminently  one  involving  associative  skills 
of  interpretation,  because  there  are  three  distinct  meanings  given 
to  this  operation  in  algebra,  whereas  there  is  only  one  in  arith¬ 
metic. 

The  first  type  of  algebraic  addition  is  one  into  which  the  addi¬ 
tion  of  coefficients  enters.  Such  a  problem  is  encountered  in  the 
addition  of  -  2 ab2,  6 ab2,  and  5 ab2. 

The  second  type  is  one  with  which  coefficients  have  nothing  to 
do,  and  the  operation  can  only  be  indicated.  This  type  is  illus¬ 
trated  in  the  addition  of  such  numbers  as  x,  4,  and  pq. 

The  third  type  calls  for  the  addition  of  numbers  whose  form 
must  be  changed  before  the  addition  can  be  effected.  Numbers 
belonging  to  this  type  include  fractions  and  radicals.  It  is  pos¬ 
sible  to  add  in  the  sense  of  the  first  type  only  after  a  change  in 
form  of  such  expressions  as 

--—-t  and  ■■  2  or  (Sr2)*  and  ( 72x 2)*. 

a  —  b  a *  —  oz 

The  outstanding  associative  skill  of  the  operation  of  addition 
is  that  which  recognizes  and  distinguishes  the  three  types  that 
have  been  mentioned.  There  is  involved  the  threefold  capacity 
for  recognition  of  likeness,  difference,  and  the  potentiality  of 
algebraic  expressions.  So  far  as  first-year  algebra  is  concerned, 
expressions  which  are  different  only  with  respect  to  their  co¬ 
efficients  are  considered  alike,  and  capable  of  being  added  ac¬ 
cording  to  the  directed  number  characteristics  of  their  coefficients. 
This  is  a  purely  arbitrary  attitude,  but  apparently  is  sufficient 
for  very  elementary  algebra. 

In  the  examples  above:  namely,  —2 ab2,  6 ab2,  and  5 ab2,  the 
entity  to  be  added  is  considered  as  ab2,  the  coefficients  —  2,  6, 
and  5  being  the  quantities  of  the  entity  to  be  added.  Conse¬ 
quently,  as  in  all  cases  of  addition  the  total  is  the  sum  of  the 
separate  measures  of  the  article ,  which  amounts  to  9g62. 

The  associative  skill  which  recognizes  ab2  as  a  particular  num¬ 
ber,  must  recognize  8 a2b,  3a2b2,  and  —  7 b2  as  unlike  numbers, 
and  therefore  incapable  of  being  added,  in  those  forms,  except 
by  implication.  Their  addition,  therefore,  takes  the  form  of 
8 a2b  +  3a2b2  —  7b2,  which  involves  an  element  of  adjustment 
not  found  in  the  9ah2  above,  in  that  the  latter,  in  itself,  contains 
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a  notion  of  finality  of  form  not  so  easily  apparent  in  the  result 
which  indicates  addition. 

The  addition  of  fractions  introduces  a  question,  and  some 
skills,  relating  to  the  meaning  of  units  of  measure  that  are  foreign 
to  the  ideas  of  addition  of  integers.  The  subject  of  fractions  may 
well  be  considered  here,  since,  after  all,  the  study  of  the  fraction 
is  a  new  topic  with  respect  to  the  form  of  the  symbols  which  are 
encountered,  but  not  with  respect  to  the  operations  that  are 
employed.  The  treatment  of  the  fraction  demands  a  reorganiza¬ 
tion  of  its  symbolism,  but  it  does  not  require  any  new  manipula¬ 
tive  skill. 

The  problem: 


Add  x  and  -§ 
b  a 

might  be  considered  as  satisfied  by  writing  ~  +  It  is  difficult 

to  see  how  anything  would  be  gained  in  this  case  by  an  attempt 
to  carry  the  operation  further,  although  that  can  be  done. 

The  problem: 

ajj  a  b  ,  —  2  ab 

Add  — — r  and  -r - r~ 

a—b  a2  —  b2 


is  of  a  type  usually  considered  as  capable  of  simplification  of 
form  beyond  that  in  which  the  exercise  is  here  stated. 

Any  simplification  of  fractions  which  stand  in  such  a  relation 
as  do  these  two  demands  of  the  pupil  whose  experience  has  been 
confined  to  integers  either  new  manipulative  skills  or  some  new 
associative  skills  capable  of  bringing  into  play  the  skills  already 
prepared  to  act  in  the  addition  of  integers. 

Just  as  ab  may  be  considered  as  the  unit  b  taken  a  times,  or 
+  z)  may  be  looked  upon  as  a  unit  x  -j~  z  taken  2  times,  so 
any  fraction  may  be  looked  upon  as  a  unit,  taken  a  certain  num¬ 
ber  of  times,  where  the  unit  of  fractional  value  has  been  obtained 
by  dividing  some  primary  unit.  Thus  in  the  arithmetical  frac- 


7  1 

tion-g,  the  unit  value  of  the  fraction  is^,  obtained  by  dividing 


a  primary  unit  1  by  8.  In  the  algebraic  fraction  the  unit  of 

fractional  value  is  4,  obtained  by  dividing  1  by  d)  n  sustains 
a 
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the  same  relation  to  the  expression  that  a  bears  to  the  ex¬ 
pression  ab,  where  this  form  indicates  that  b  is  multiplied  by  a. 
In  the  same  way  ^  may  be  looked  upon  as  denoting  that  the 

fractional  unit-^  has  been  multiplied  by  n.  It  is  necessary  to  put 

into  each  of  these  forms  these  associative  skills  of  interpretation, 
if  they  are  to  be  used  in  operations  with  numbers. 

Another  skill  of  interpretation  that  needs  to  be  taken  into 
account  in  the  addition  of  fractions  has  to  do  with  the  possibility 
of  changing  the  form  of  a  fraction  without  changing  its  value. 
This  is  no  new  idea.  Such  transformations  are  constantly  made 
in  addition  and  subtraction.  For  instance,  when  the  terms  of 
6x2y  —  bx2y  -f  2 x2y  are  added  and  the  sum  is  stated  in  the  form 
3 x2y,  there  is  no  notion  that  the  values  of  either  expression  have 
been  changed— whatever  value  the  original  expression  had  is 
merely  stated  in  a  new  form.  The  most  striking  contrast  between 
the  significance  of  a  change  in  form  in  a  problem  involving  addi¬ 
tion  of  terms  as  they  stand  and  a  problem  requiring  a  change  of 
form  in  a  fraction  consists  of  the  fact  that  the  change  of  form 
that  takes  place  in  a  sum  is  final,  while  the  change  that  takes 
place  in  a  fraction,  in  order  that  it  may  be  added,  is  preliminary 
to  the  actual  addition. 

The  laws  of  fractions,  “Multiplying  or  dividing  both  terms  by 
the  same  number  does  not  alter  the  value  of  the  fraction,”  does 
not  necessarily  carry  either  conviction  or  a  sense  of  its  own 
intrinsic  value  to  the  mind  of  the  pupil.  Pupils  who  could  per¬ 
form  with  a  high  degree  of  accuracy  all  of  the  manipulative 

operations  involved  in  simplifying  — ^  were  still 

unable  to  effect  the  simplification  in  84.9  per  cent  of  the  cases. 
(Problem  2,  Appendix,  Section  I.) 

A  foundation  for  the  associative  skill  which  enables  one  to 
comprehend  the  change  in  form  of  a  fraction  is  found  in  the  use 
of  different  units  of  length,  weight,  and  the  like.  Suppose  that 
a  certain  distance  is  measured  in  terms  of  feet.  It  is  possible  to 
consider  the  same  distance  as  measured  in  inches  or  %2  of  a 
foot.  Whatever  the  number  of  feet  there  are  in  the  distance,  the 
number  of  inches  is  12  times  the  number  of  feet,  but  the  distance 
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does  not  change.  In  the  transition  from  feet  to  inches  the  unit  of 
measure  has  been  divided  by  12,  but  the  number  of  times  the 
measure  is  taken  is  12  times  as  great  as  before.  The  same  kind 
of  changes — dividing  the  unit  and  multiplying  the  number  of 
times  the  unit  is  taken — occurs  in  the  case  of  the  fraction.  If  a 

certain  fractional  unit  is  that  is,  if  1  is  divided  into  n  equal 
n 

parts,  and  one  of  these  parts  is  used  as  a  unit,  compare  this  frac¬ 
tional  unit  with  that  which  results  if  the  1  is  divided  into  2n 
equal  parts.  The  former  fractional  unit  equals  2  of  the  smaller 

12  2 

units;  therefore  it  is  consistent  to  write-  =  — ,  because  means 

n  2  n'  2  n 

~  times  2.  The  same  conclusions  follow  if  the  number  by  which 
2  n  J 

the  original  unit  is  divided  is  multiplied  by  a.  The  measure  of 

the  fractional  unit  now  becomes  — ,  but  the  original  fractional 

an 

unit  now  equals  a  of  the  derived  units,  so  that  it  is  consistent  to 

write  -  =  — .  Since  —  —  — ,  where  emphasis  is  placed  on  -  as 
n  an  n  an  n 

the  original  fractional  unit,  the  subject  of  the  sentence  may  be 

made  —  and  the  equation  written  in  the  form  —  =  -• 
an  an  n 

A  further  associative  skill  requisite  to  the  addition  of  two 
fractions  is  an  awareness  of  the  possibility  of  a  common  frac¬ 
tional  unit,  and  an  appreciation  of  the  relation  that  the  given 
units  have  to  the  desired  one. 

The  final  associative  skill  resides  in  an  appreciation  of  the  sig¬ 
nificance  of  the  act  of  combining  (adding)  the  fractions,  after 
expressing  them  in  terms  of  a  common  fractional  unit.  The 
numerators  become,  in  effect,  the  coefficients  of  the  fractional 
unit. 

Thus,  in  adding  the  fractions 

a  -f-  b  .  —  2 ab 

a-br  a2- b2 

the  various  associative  skills  lead  to  the  forms: 

(a  -j-  b)  (a  *-j-  b)  .  —  2 ab 

a2  —  b2  ’'a2  —  b2 


(1) 
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(2) 

(3) 


a2  +  2a6  -f  b2  -2ab 
a2  -  b2  +  a2  -  b2 

a2  +  b2 
a2  -b2 


In  the  second  step  a2  -f-  2 ab  -f-  b2  is  considered  as  a  coefficient 

of  the  fractional  unit  ,  and  likewise  —  2 ab  is  considered 

a2  —  b2’ 

as  a  coefficient  of  the  same  fractional  unit. 

The  addition  of  radicals  involves  no  very  extended  treatment 
of  the  topic  in  first-year  algebra,  but  there  is  required  an  under¬ 
standing  of  the  elementary  theory  of  exponents.  As  has  been 
pointed  out  in  the  chapters  on  Associative  Skills  of  Appreciation, 
the  meaning  of  x3  is  x  X  x  X  x,  and  for  every  expression  of  this 
kind  the  exponent  is  a  shorthand  way  of  indicating  the  number 
of  times  the  expression  to  which  it  is  applied  is  used  as  a  factor. 
am  X  an  may  be  written  am+n  because  in  the  product  am  X  a11,  a 
is  used  as  a  factor  m  +  n  times. 
am 

—  may  be  written  am~n  because  the  division  of  am  by  an  is 
an 

equivalent  to  taking  out  the  factor  a,  n  times;  just  as  the  division 
of  24  by  8  is  equivalent  to  taking  out  the  factor  2,  3  times. 

(aOT)n  means  that  am  is  to  be  used  as  a  factor  n  times,  so  that 
(am)n  =  am-am  ....  until  am  has  been  used  n  times  as  a  factor, 
but  this  means  that  a  will  then  have  been  used  as  a  factor  mn 
times.  Accordingly  (am)n  =  amn;  {ab)n  may  be  written  as  anbn, 
because  ( ab)n  means  that  ab  is  to  be  taken  as  a  factor  n  times, 
therefore  (ab)n  =  ab  X  ab  X  ab  .  .  .  until  ab  has  appeared  as 
a  factor  n  times,  but  in  that  case  a  will  have  been  used  as  a  fac¬ 
tor  n  times  and  b  will  have  been  used  as  a  factor  n  times  in  the 
same  product,  therefore  the  conclusion: 

(ab)n  —  anbn. 

Since  a- a- a  =  a3  or  a- a- a  .  .  .  to  n  factors  =  a”,  if  we  wish 
to  think  of  the  factor  whose  repetition  3  times  has  pro¬ 
duced  a 3  the  form  (a3)*  is  used.  This  implies  the  question,  what 
factor  has  been  used  3  times  to  produce  a3?  Likewise  (an)1/n  asks 
what  factor  has  been  used  n  times  to  produce  an ;  (8)*  asks  what 
factor  has  been  used  3  times  to  produce  8;  (16)*  asks  what 
factor  has  been  used  twice  to  produce  16.  A  radical,  then,  states 
a  product  and  requires,  by  implication,  the  determination  of  the 
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factors  of  the  product.  It  is  possible  to  ask  questions  of  this  kind 
that  cannot  be  answered  in  terms  of  whole  numbers.  For  instance, 
(2)*  asks  what  number  used  as  a  factor  3  times  will  produce  2. 
There  is  such  a  number,  but  it  is  an  approximation  and  its  de¬ 
termination  is  a  subject  for  a  more  advanced  course.  We  must 
here  be  content  with  merely  expressing  the  idea,  not  the  actual 
number. 

Products  which  contain  a  factor  repeated  several  times  may 
contain  other  factors  as  well.  For  instance,  the  product  of  2-2 *2 -3 
is  24.  The  expression  (40) *  asks  what  factor  has  been  employed 
3  times  to  produce  40.  Obviously  the  question  cannot  be  answered 
completely  as  in  the  case  of  (8)*,  but  it  can  be  answered  par¬ 
tially  because  the  equation  23*5  =  40  shows  that  2  has  been  used 
as  a  factor  3  times,  although  5  has  not.  If  we  wished  to  answer  the 
question  implied  in  (40)*  as  far  as  we  could  we  might  con¬ 
veniently  consider  (40)*  as  written  in  the  form  (23-5)*.  From 
this  we  can  see  that  to  produce  40  the  factor  2  has  been  used  3 
times  and  that  this  product  has  been  finally  multiplied  by  5.  The 
complete  number,  then,  which  is  used  as  a  factor  3  times  to 
produce  40  appears  to  be  2  multiplied  by  some  other  number, 
which  when  used  as  a  factor  3  times  will  produce  5.  That  latter 
number  we  have  seen  is  (5)*.  It  therefore  appears  that  (23  5)*  = 
2  (5)*. 

Whenever  a  number  like  (40)*  has  been  changed  in  form  to 
2  (5)*,  or  a  number  like  (18)*  has  been  changed  to  3  (2)*  it  is 
said  to  be  simplified,  and  if  the  radical  factors  are  alike  as  in  the 
problem : 

(8)*+  (18)*  +  (50)* 
which  may  be  expressed  as 

(4-2)*+  (9-2)*+  (25-2)* 

and  in  turn  as 

2  (2)* +  3  (2)* +  5  (2)* 

the  expression  may  be  still  further  simplified  by  considering  2, 
3,  and  5  as  coefficients  and  adding  as  we  should  any  other  ex¬ 
pressed  sum  of  like  terms,  obtaining  10  (2)*. 

The  entire  theory  of  radicals  up  to  this  time  has  been  made  to 
depend  upon  the  notion  of  a  product.  The  most  difficult  point  to 
grasp  is  the  rather  abstract  notion  that  a  number  of  the  form 
a*  is  one  of  the  three  factors  which  multiplied  together  will  pro- 
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duce  a ,  but  the  analysis  is  parallel  to  that  of  taking  the  product 
of,  for  instance,  x4  three  times, 

x4  X  x4  X  x4  =  x4  +  4  +  4 

which  equals  x12. 

In  the  same  way 

a*  X  a*  X  =  a* +  * +  * 

which  equals  a. 

SUBTRACTION 

The  associative  skills  of  subtraction  of  algebraic  numbers  are 
precisely  those  of  addition,  subject  only  to  the  meaning  of  sub¬ 
traction  as  contrasted  with  addition. 

MULTIPLICATION 

Multiplication,  in  algebra,  is  a  far  more  simple  operation  than 
addition  or  subtraction,  because  the  result  of  the  operation  of 
multiplication  requires  only  a  number  which  contains  all  of  the 
factors  of  the  numbers  that  are  multiplied.  Thus  the  multiplica¬ 
tion  of 

6  a2  b  by  5  a  x  y2 

means  that  the  result  is  to  be  found  in  an  algebraic  expression 
that  denotes  multiplication  (see  Associative  Skills  of  Interpreta¬ 
tion,  page  62).  Such  an  expression  would  result  were  we  to  write 

6 -a2-b’5-a’x-y2 

but  this  is  not  convenient ;  since  the  product  of  6  and  5  is  30,  and 
a  is  used  as  a  factor  3  times  it  is  better,  and  more  usual,  to  express 
the  product  as 

30  azbxy2 

The  multiplication  of  a  polynomial  by  a  monomial  yields  the 
result  that  is  obtained  by  considering  the  polynomial  as  composed 
of  monomials  and  applying  the  appropriate  signs,  as  in  the  case 
of  2a2  +  ab  —  b 2  multiplied  by  3 ax.  The  multiplication  of  a 
polynomial  by  a  polynomial  may  be  considered  as  the  algebraic 
sums  of  the  results  obtained  by  multiplying  one  polynomial  by 
each  of  the  monomials  of  the  other.  Thus  the  product  of  a  -f-  b  by 
x  —  y  is  that  which  is  obtained  by  multiplying  a  and  b  separately 
by  x,  and  also  multiplying  a  and  b  separately  by  —  y  and  com¬ 
bining  the  results  obtained,  according  to  the  laws  of  algebraic 
addition. 

Multiplication  in  which  fractions  are  included  in  either  of  the 
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numbers  multiplied  requires  an  associative  skill  of  interpretation 
of  the  meaning  of  a  fraction.  The  expression  ^  may  be  con¬ 
sidered  as  meaning  a  divided  by  b.  This  is  not  the  same  inter¬ 
pretation  of  a  fraction  that  was  suggested  in  addition,  but  it  is 
a  better  one  for  multiplication,  because  addition  of  fractions 
generally  requires  a  change  in  their  form.  Multiplication  makes 
no  such  demand  on  the  form  of  the  fractions  to  be  multiplied. 

cl  ax 

Therefore  multiplication  of  -g  by  x  yields  because  this 

expression  retains  a  and  x  as  factors  and  retains  b  as  a  divisor. 
(See  also  Addition,  page  65.) 

a  x  ax 

The  multiplication  of  ^  by  -  yields  because  this  expression 

retains  a  and  x  as  factors  and  b  and  y  as  divisors.  (See  also 
Addition,  page  66,  concerning  the  multiplication  and  division  of 
a  fraction.) 

DIVISION 

Division  is  the  reverse  of  the  process  of  multiplication  in  every 
particular.  In  multiplication  two  factors  are  given  and  the  prob¬ 
lem  is  to  find  the  result  of  multiplication.  In  division  the  result  of 
the  multiplication  of  two  factors  and  one  of  the  factors  are  given, 
and  the  problem  is  to  find  the  other.  These  are  basic  facts  which 
occasionally  may  be  considered  as  throwing  light  on  the  opera¬ 
tion  of  division. 

By  far  the  most  frequent  and  most  important  use  of  division  in 
algebra  is  in  connection  with  factoring.  Factoring  demands  of  the 
pupil  the  ability  to  see  in  a  result  of  multiplication;  that  is,  to 
see  in  the  number  to  be  factored  two  or  more  factors.  In  a 
monomial  like  Qa2b3x  there  are  many  factors;  for  instance 
6,  a2,  b3,  and  x  are  factors;  or  2,  3,  a2,  b3,  and  x  are  factors;  or 
6,  o,  a,  b,  b2,  and  x  are  factors.  In  fact,  any  array  of  factors  which 
multiplied  together  will  result  in  6 a2b3x  constitutes  the  factors 
of  the  number.  The  factoring  of  a  monomial  factor  from  a  bi¬ 
nomial  or  a  trinomial  calls  for  the  ability,  first,  to  factor  each 
term  of  the  polynomial  and,  second,  to  select  the  factors  which 
are  alike.  The  same  kind  of  a  skill  is  demanded  here  which  is 
required  in  determining  those  qualities  which  permit  two  terms 
to  be  added  (see  Skills  of  Addition,  page  65). 
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The  manipulative  skills  of  factoring  binomials  and  trinomials 
may  be  placed  on  an  arbitrary  basis  relating  to  types  such  as 
x2  —  y 2  and  ax2  -j-  bx  -f-  c.  The  associative  skills,  however,  are 
based  upon  experience  in  multiplication.  This  experience  ne¬ 
cessitates  taking  note  of  the  relation  of  the  numbers  multiplied 
to  the  product,  yielding  in  the  case  of  multiplication  of : 

(1)  a  polynomial  by  a  monomial,  a  polynomial  of  the  same 
number  of  terms. 

(2)  a  binomial  by  a  binomial,  either 
{a)  a  binomial  or 

(b)  a  trinomial. 


This  experience  with  multiplication  leads  one,  then,  to  expect 
either  a  monomial  factor,  or  in  the  case  of  a  binomial  or  a  tri¬ 
nomial  no  factor  other  than  a  monomial  or  binomial. 

Division,  not  of  the  nature  of  factoring,  that  is,  in  the  case 
where  both  numbers  to  be  divided  are  expressed,  falls  into  two 
types: 


1.  Division  indicated  as  in  a  practical  expression  of  the  form 
—  in  which  x  and  y  may  or  may  not  be  of  the  form  ~  (see  dis¬ 
cussion  of  change  of  form  of  a  fraction  under  addition,  page  68) . 

2.  Division  actually  performed.  This  latter  type  of  division  is 
dependent  upon  considering  the  number  to  be  divided  as  obtained 
by  multiplying  each  term  of  the  division  by  some  other  number. 
(Even  though  the  number  to  be  divided  has  not  actually  been 
obtained  in  this  manner:  that  is,  when  there  is  a  remainder,  the 
process  of  dividing  proceeds  upon  this  assumption.)  Division, 
then,  is  an  orderly  process  of  determining  by  what  number  the 
divisor  might  have  been  multiplied  to  produce  the  number  that 
is  divided. 

Division  is  a  process  that  may  in  all  cases  be  dominated  by  the 
idea  of  multiplication. 


Summary  of  Associated  Skills  of  the  Fundamental 
Operations 


addition 

1.  Addition  demands  recognition  of  likeness,  unlikeness,  and 
the  potentiality  for  likeness  of  algebraic  numbers. 
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2.  The  addition  of  fractions  is  dependent  upon  the  possibility 
of  expressing  two  or  more  fractions  in  terms  of  the  same  frac¬ 
tional  unit.  To  which  are  subsidiary: 


(a) 


n _ a  n 

d  ad 


(b) 


a  n  _  ?i 
ad~  d 


where,  in  each  case  the  fraction  is  considered  as  being  stated  ac¬ 
cording  to  the  first  member. 

3.  An  awareness  of  the  particular  form,  which  the  fractional 
unit  may  take. 

4.  The  recognition  of  the  meaning  of  fractions  expressed  in 
terms  of  the  same  fractional  unit. 

5.  In  the  addition  of  radicals,  the  meaning  of  {ap  bq)1/n. 

6.  The  significance  of  the  laws  of  exponents: 


(a) 

(b) 

(c) 

( d ) 

(e) 


am  X  an 


(. am)n  =  amn 
(ab)n  =  anbn 


7.  The  recognition  of  what  constitutes  likeness  and  unlikeness 
of  radical  expressions. 

SUBTRACTION 


The  associative  skills  of  subtraction  of  algebraic  numbers  are 
identical  with  those  of  addition,  except  for  the  definition  of 
subtraction ,  as  distinguished  from  the  definition  of  addition. 


MULTIPLICATION 

1.  The  meaning  of  multiplication  in  algebra  is  contained  in  the 
idea  and  form  in  which  algebraic  numbers  are  expressed. 

2.  The  multiplication  of  polynomials  may  be  considered  in 
terms  of  monomial  multiplication. 

3.  Multiplication  of  fractions  is  interpreted  in  terms  of  the 
meaning  of  fractions,  as  either  a  fractional  unit,  or  as  an  indi¬ 
cated  operation  of  division. 
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DIVISION 

1.  Factoring  is  a  form  of  division,  and  is  accomplished  by 
considering  the  expression  to  be  factored  as  a  result  of  the  mul¬ 
tiplication  of  two  or  more  numbers. 

'2.  Besides  factoring,  division  includes  two  types  of  operations: 

(a)  The  fractional,  indicated  form. 

( b )  Actual  division,  when  the  operation  is  carried  farther 
than  in  (a). 

3.  Actual  division  of  two  numbers  is  directed  by  the  idea  of 
multiplication  of  the  divisor  by  some  number  to  produce  the  num¬ 
ber  that  is  to  be  divided. 

The  Axioms 

The  axioms  are  no  longer  considered  as  a  priori  facts.  To  the 
mathematician  they  are  convenient  assumptions  upon  which  to 
base  mathematical  reasoning.  To  the  psychologist  they  are  suc¬ 
cinct  generalizations  of  experiences  with  quantities.  To  the  pupil 
whose  acquaintance  with  quantitative  measurement  has  been 
confined  chiefly  to  operations  with  measures  instead  of  relations 
between  measures  there  have  come  comparatively  few  oppor¬ 
tunities  for  reaching  axiomatic  conclusions.  The  notion  of  equal¬ 
ity  and  of  inequality  is  present  whenever  a  choice  is  made  be¬ 
tween  two  alternatives,  but  such  ideas  are  in  terms  of  estimates 
which  are  generally  influenced  by  quality  as  well  as  quantity. 
The  mathematical  axioms  operate  only  in  the  presence  of  con¬ 
cepts  which  are  expressed  in  the  abstract  language  of  exact  meas¬ 
urement.  Time  and  experience  with  many  events  in  which  the 
behavior  of  equal  quantities  is  observed  in  a  scientific  manner 
are  necessary  in  order  to  acquire  a  feeling  for  the  significance 
of  statements,  the  derivation  of  whose  meaning  is  wholly  de¬ 
pendent  upon  the  way  in  which  quantities  have  acted  when  com¬ 
pared  one  with  another. 

These  are  the  reasons  for  not  considering  the  axioms  as  con¬ 
tributing  initially  to  the  associative  skills  which  enable  a  pupil 
to  answer  the  questions  or  refine  the  facts  of  an  equation.  Growth 
finally  eventuates  not  alone  in  the  ability  to  deal  with  more  dif¬ 
ficult  situations,  but  also  to  discard  some  of  the  details  of  earlier 
modes  of  thought  and  procedure  and  to  replace  these  details  with 
conclusions  which  are  the  outgrowth  of  the  organization  of  earlier 
associations. 
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The  associative  skills  of  relation  which  have  been  developed 
for  the  equation  provide  for  every  contingency  that  might  arise 
in  connection  with  the  equation  of  the  first  degree.  For  equations 
of  higher  degree  a  like  set  of  associative  skills  might  be  found, 
but  it  would  be  contrary  to  good  sense  to  continue  indefinitely 
to  operate  only  with  skills  which  are  fundamental  to  the  begin¬ 
ner.  The  associative  skills  that  have  been  developed  will  always 
apply  economically  to  the  equations  with  which  they  have  been 
illustrated.  Their  exercise  has,  however,  afforded  the  background 
for  the  development  of  further  skills  whose  operation  takes  the 
form  of  axiomatic  statement  and  procedure.  Comprehension  of 
the  meaning  of  the  axioms  is  thus  made  to  grow  out  of,  and  be  a 
part  of,  the  ability  to  generalize,  which  it  is  the  peculiar  func¬ 
tion  of  algebra  to  develop. 

The  Function  Concept 

No  discussion  of  the  associative  skills  of  algebra  would  be 
complete  without  reference  to  the  function  concept ,  but  it  is  a 
topic  that  is  difficult  to  classify.  It  is  not  a  topic  of  algebra  that 
may  be  segregated  from  others,  like  addition  of  monomials ,  or 
solution  of  linear  equations  in  one  variable,  or  the  multiplica¬ 
tion  of  directed  numbers.  The  function  concept  is  among  the  most 
important  of  all  algebraic  ideas,  and  it  extends  through  every 
part  of  the  subject,  wherever  there  is  a  number  expression  capable 
of  assuming  many  values.  It  might  be  discussed  under  skills  of 
relation,  but  that  chapter  is  reserved  for  relations  implied  by  the 
sign  of  equality.  The  idea  of  functionality  is  not  confined  to  the 
stated  equation,  although  it  is  inherent  in  many  equations. 

Whenever  the  value  of  a  numerical  expression  varies  according 
to  a  law,  the  numerical  expression  is  said  to  be  a  function  of  the 
law  under  which  it  changes.  A  simple  illustrative  example  is 
found  in  the  equation  y  =2x.  In  this  expression  the  value  of  y 
varies  according  to  the  values  assumed  by  x,  or  as  we  say,  “y  is  a 
function  of  x.”  But  the  expression  2x 2  —  3x  +  4  is  also  a  func¬ 
tion  of  x;  although  no  equation  is  here  expressed,  the  expression 
varies  according  to  changes  in  the  value  of  x,  and  therefore  ful¬ 
fills  the  definition  of  a  function. 

Every  formula  contains  the  idea  of  a  function,  because  there 
are  always  at  least  two  variables  in  a  formula,  and  each  is  af¬ 
fected  by  the  values  of  the  other. 
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The  associative  skill  of  the  function  concept  is  an  awareness 
(1)  of  the  presence  of  a  number  expression  containing  a  variable; 
and  (2)  of  the  fact  that  the  value  of  the  expression  itself  is  de¬ 
pendent  upon,  and  changes  simultaneously  with,  changes  of 
value  in  the  variable. 

Summary  oj  Associative  Skills  of  General  Interpretation 

1.  The  recognition  of  the  number  implications  is  an  important 
part  of  the  understanding  of  algebraic  processes  and  relations. 

2.  Algebraic  forms  of  number  expression  differ  from  those  of 
arithmetic  and  assume  definite  meanings  according  to  the  way  in 

which  they  are  written ;  as  ab,  pa  +  6,  and  so  on. 

3.  The  function  concept  extends  to  all  number  expressions  in 
which  a  variable  appears,  and  consists  of  an  awareness  of  value 
in  the  expression  which  depends  upon  the  variable. 

The  Line  Graph 

The  line  graph  is  an  ingenious  appropriation  of  the  idea  that 
on  a  plane  a  point  may  be  thought  of  as  being  moved  from  one 
position  to  any  other  by  moving  in  but  two  directions,  by  two 
definite  amounts.  This  is  a  familiar  fact.  We  commonly  get  from 
place  to  place  by  moving  east  and  south  or  east  and  north,  and 
so  on.  If  there  is  nothing  in  the  way  two  directions  and  two  dis¬ 
tances  are  always  sufficient.  The  graph  simply  lets  each  of  these 
distances  stand  for  the  measure  of  some  quality  that  is  to  be  ex¬ 
pressed.  The  beginning  of  a  graph,  then,  is  the  establishment  of 
some  fixed  places  from  which  each  distance  and  direction  may 
be  measured.  This  is  usually  accomplished  by  taking  two  per¬ 
pendicular  lines. 

It  is  not  at  all  necessary  that  a  graph  shall  express  two  condi¬ 
tions  (one  may  be  denoted  by  separate  lines  of  appropriate 
length),  still  the  two-condition  graph  is  the  one  that  invites 
special  consideration  from  an  algebraic  standpoint. 

There  are  two  fundamentally  distinct  conceptions  of  the 
graph:  (1)  the  mathematical  graph;  and  (2)  the  statistical  graph. 
These  terms  are  not  entirely  satisfactory,  because  a  statistical 
graph  may  be,  and  often  is,  mathematical;  we  will  use  these 
words  here  in  a  technical  sense,  with  meanings  as  indicated  in 
the  following  pages. 
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A  mathematical  graph  is  one  in  which  a  fixed  mathematical  re¬ 
lation  exists  between  two  variables,  but  only  two.  For  instance, 
it  is  possible  to  construct  the  graph  of  such  relations  as  are  ex¬ 
pressed  by  x  —  y  =  2,  y  =  a?3,  y  —  x2  =  4,  and  so  on.  It  is  not 
possible  in  a  plane,  to  construct  a  graph  of  x-\-y-\-z  =  l  or  of 
xyz  =  2,  and  so  on,  because  the  three  variables  here  denote  that 
the  position  of  a  point  must  be  fixed  by  three  conditions,  an  im¬ 
possibility  in  the  plane. 

As  explained  on  page  89,  such  an  expression 
x  y  as  y  —  £  =  2  is  satisfied  whenever  y  and  x 
A  0  2  take  values  such  that  y  —  x  equals  2.  There 

B  —  2  0  is  an  infinite  number  of  such  pairs  of  values, 

C  1  3  which  suggests  that  the  graph  must  indicate 

D  2  4  that  fact.  The  equation  in  this  case  is  satisfied 

E  —  1  1  when  y  and  x  take  the  pairs  of  values  indicated 

F  5  7  by  the  horizontal  lines  in  the  accompanying 

scheme. 

The  arrangement  by  which  the  graph,  or  picture  of  the  rela¬ 
tions  between  these  pairs  of  values  is  indicated  is  entirely  arbi¬ 
trary  but  convention  has  become  practically  standardized  in  this 
country,  so  that  the  accompanying  diagram  is  representative  of 
general  practice.  Geography  has  probably  already  laid  the  foun¬ 
dation  for  the  idea  that  the 
M  vX  ^  ^  position  of  a  point  is  fixed  if 

its  distance  east  or  west  of  a 
certain  line  and  its  distance 
north  or  south  of  another  line 
are  given.  This  is  the  plan 
that  is  followed  in  the  graph, 
except  that  the  perpendicular 
lines  are  called  axes  and  the 
distances  expressed  in  terms 
of  +  x  and  —  x,  and  -\-y  and 
—  y.  (See  Chapter  V,  on  Di¬ 
rected  Numbers  for  the  direc¬ 
tion  meaning  of  -f-  and  — .) 
Any  point  on  line  a  is  considered  as  of  a  distance  -f-  1  (unit  of 
measure)  from  the  F-axis  in  a  -f-  direction;  any  point  on  the 
line  b  is  located  at  a  distance  of  —  1  from  the  X-axis,  and  so  on. 
A  point  on  line  c  is  considered  as  located  at  a  distance  of  +  1 
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from  the  X-axis  and  a  point  on  line  d  at  the  distance  of  — 1  from 
the  X-axis,  and  so  on.  The  location  of  a  point  is  thus  made  to 
depend  upon  the  elementary  ideas  of  distance  and  direction,  and, 
for  graphic  purposes,  the  position  of  the  point,  is  translated  into 
whatever  convenient  meanings  may  have  been  attached  to  dis¬ 
tance  and  direction. 

In  this  case  the  position  of  D,  reading  from  the  graph,  indi¬ 
cates  that  when  x  equals  2,  y  equals  4;  the  position  of  E  that 
when  x  equals  —  1  ,y  equals  +  1,  and  so  on.  The  interpretation  of 
the  graph  puts  back  the  meanings  that  were  initially  introduced 
into  its  construction. 

From  the  equation,  by  means  of  substitution  of  either  of  the 
two  values  of  the  horizontal  lines  of  the  diagram,  the  other  value 
is  obtained.  Thus,  when  x  =  0,  y  =  2,  and  so  on.  Any  number  of 
points,  besides  those  indicated  might  be  found.  The  straight  line 
which  passes  through  the  points  is  merely  an  indication  of  where 
we  think  the  others  would  be  if  we  could  locate  all  of  them. 

That  the  associative  skills  of  graphic  interpretation  may  be 
readily  learned  is  indicated  by  the  result  of  the  examination  of 
549  pupils,  to  which  reference  has  previously  been  made.  (See 
Preface.) 

Eight  problems  involving  both  construction  and  interpretation 
of  graphs  were  assigned.  The  results  were  so  uniform  as  to  indi¬ 
cate  that  the  pupils’  interpretation  of  meanings  was  not  obscured 
by  a  manipulative  process  of  construction. 

The  eight  problems  which  were  presented  to  the  pupils  were 
as  follows: 


1.  In  order  to  find  out  whether 
the  system 

x  +  y  =  11 
x  =  y  +  5 

is  solvable  I  have  graphed  this 
pair  of  equations  on  this  sec¬ 
tion  of  squared  paper  and  I 
find  that . 
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2.  On  the  accompanying  section  of 
squared  paper  draw  a  cost  graph  for 
peaches  at  20  cents  per  dozen. 

3.  The  graph  in  Example  2  shows 

that  the  cost  of  7%  dozen  peaches  is 

$ . 

4.  The  graph  in  Example  2  shows 

that  .  dozen  peaches  can  be 

bought  for  $2.80. 


5.  The  graph  of  the  formula  i  =  prt 

may  be  used  in  finding  the  amount  of 
simple  interest  due  on  investments  at 
different  rates  of  interest.  For  example, 
the  accompanying  graph  of  the  formula 
i  =  0.05p  shows  that  the  interest  for  1 
year  on  $300  is  $. - - - - 

6.  The  graph  in  Example  5  shows 

that  the  interest  at  5  per  cent  for  1 
year  on  $300  is  about  $ - - - - - 

7.  The  graph  in  Example  5  shows 
that  if  I  wish  to  receive  $12  a  year  in 

interest  I  must  invest  about  $ . 

at  5  per  cent. 

8.  The  graph  in  Example  5  shows 
that  if  I  wish  to  receive  $36  a  year  in 
, .  ;that  is,  the  interest  received  depends 


It  will  be  observed  that  these  graphs  were  skillfully  designed 
to  test  a  good  many  things,  at  least  the  following  abilities  being 
demanded: 

1.  The  ordinary  graphic  approach  to  the  solution  of  systems 
of  equations,  including: 

(а)  Construction  of  the  graph.  )  (Example  1) 

(б)  Interpretation  of  the  result./ 

2.  The  construction  of  a  graph  from  informational  data.  (Ex¬ 
ample  2.) 

3.  The  interpretation  of  the  meaning  of  a  graph  constructed  by 
oneself  in  terms  of  the  general  and  particular  information  that  it 
conveys.  (Example  3,  Example  4.) 


interest  I  must  invest  about  $ 
upon  the  . 
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4.  Ability  to  read  a  graph  that  is  presented.  (Example  5,  Ex¬ 
ample  6,  Example  7.) 

5.  Ability  to  generalize  as  to  the  implications  of  a  graphic 
representation.  (Example  8.) 

Among  pupils  who  possessed  the  associative  skill  of  interpreta¬ 
tion  in  terms  of  the  significance  of  twofold  conditions  covering 
the  location  of  a  point,  we  should  expect  to  find  a  fair  degree  of 
consistency  in  the  facility  with  which  these  different  questions 
were  treated.  Had  the  ability  been  upon  a  purely  manipulative 
basis  with  the  separate  questions  representing  separate  jobs  there 
would  have  been  introduced  the  possibility  for  great  variation  in 
the  results  obtained  for  the  different  problems. 

The  accompanying  table  shows  a  remarkable  uniformity  in  the 
results.  To  be  sure,  this  might  have  been  the  effect  of  intensive 
manipulative  training,  but  such  explanation  is  rendered  unlikely 
by  the  inclusion  of  several  schools  and  the  fact  that  no  advance 
information  was  obtainable  by  the  schools  regarding  the  nature 
of  the  examination  for  which  to  prepare. 

Results  Obtained  by  549  Pupils  from  35  Schools  in  Constructing 
and  Interpreting  Graphs 


PROBLEM  NO. 


l 

2 

3 

4 

5 

6 

7 

8 

No.  of  times  solved  cor¬ 
rectly  . 

489 

484 

480 

449 

451 

493 

470 

478 

No.  of  times  solved  in¬ 
correctly  . 

52 

42 

43 

78 

59 

18 

38 

31 

No.  of  times  omitted _ 

8 

23 

26 

22 

39 

38 

41 

40 

Per  cent  of  correct  solu¬ 
tions  . 

89.0 

88.1 

87.4 

81.7 

82.1 

89.8 

85.6 

87.0 

Although  the  per  cent  of  correct  solutions  for  problems  1,  2,  and 

3  is  very  nearly  the  same,  an  indication  that  the  ability  to  read 
a  graph  is  not  necessarily  implied  in  the  ability  to  construct  one 
is  to  be  found  in  the  fact  that  30  of  the  pupils  who  failed  to  in¬ 
terpret  No.  3  correctly  had  constructed  No.  2  properly. 

The  sudden  drop  in  the  per  cent  of  correct  solutions  when  No. 

4  is  reached  may  be  due  to  the  common  practice  of  regarding  y 
as  a  function  of  x  in  ordinary  classroom  procedure  and  in  follow¬ 
ing  this  convention  by  more  frequently  reading  and  considering 
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the  values  of  y  corresponding  to  certain  values  of  x,  than  in  con¬ 
sidering  the  values  of  x  as  also  determined  by  those  of  y.  The 
confusion  that  attended  No.  5  is  a  fair  indication  that  attention 
was  well  centered  on  the  graph  instead  of  the  simple  arithmetic 
of  the  correct  response. 


Daily  Renewal  Rate*®*  Call  Loans  Percent 


5jl 


.1928. 


19  27. 


iL-imn, 


1925 

— 

JAN.  FEB.  MAR,,  APR, 


XT\vt^=r 


MAY 


JUN. 


Such  graphs  as  have  been  described  are  functional  mathe¬ 
matical  graphs  in  the  strictest  sense  of  the  word.  The  position  of 
each  point  on  the  graph  is  fixed  by  the  operation  of  the  same 
law:  In  the  case  of  the  peaches  that  law  is  that  the  price  is  20 
cents  a  dozen,  which  means  that  the  price  of  a  supply  of  peaches 
depends  upon  the  number  of  dozen  purchased.  In  the  interest 
problem,  the  interest  is  five  cents  on  the  dollar,  which  means  that 
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the  total  interest  depends  upon  the  number  of  dollars  at  inter¬ 
est.  Each  of  these  cases  illustrates  the  meaning  of  function,  as 
discussed  on  page  76. 

Another  and  very  different  type  of  graph,  from  a  mathemati¬ 
cal  standpoint,  is  the  one  that  has  been  called  a  statistical  graph. 
This  kind  of  graph  is  in  all  respects  the  same  as  the  functional 
mathematical  graph,  except  that  there  is  no  idea  of  the  depen¬ 
dence  of  one  quantity  upon  another.  Such  graphs  are  illustrated 
by  the  accompanying  diagram,  which  indicates  changes  in  money 
values  from  time  to  time.  Here  a  mere  fact  is  revealed,  which 
happens  to  be  true.  That  is,  the  interest  on  loans  at  any  time  is 
not  dependent  in  any  way  upon  that  particular  date,  but  is  due 
to  other  circumstances.  It  will  be  observed  that  these  graphs  in 
each  case  are  not  constructed  on  a  scale  that  represents  the  real 
comparative  distances  of  their  points  from  a  reference  line.  They 
are  so-called  amputated  graphs,  necessitating  an  evaluation  in 
terms  of  elements  that  are  not  present.  Pseudographs  would  be  a 
good  name  for  such  representations,  and  their  evaluation  de¬ 
mands  a  skill  of  interpretation  of  implication  as  well  as  direct 
reading. 

Summary  of  Associative  Skills  of  Line  Graphs 

1.  Construction  and  reading  of  line  graphs  is  the  exercise  of 
the  fundamental  notion  of  motion  in  a  plane,  which  is  that  all 
points  may  be  reached  from  a  given  point  by  moving  in  not  more 
than  two  directions. 

2.  Interpretation  of  pseudographs  is  in  terms  of  statements 
both  directly  and  indirectly  implied. 
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THE  EQUATION  AND  RELATED  SKILLS 

The  oldest,  and  probably  the  most  important,  expression  of  re¬ 
lation  in  algebra  is  the  equation.  Its  definition  as  “a  statement 
of  equality  between  two  quantities”  necessitates  a  rather  strict 
interpretation  of  the  meaning  of  the  word  quantity,  and  also  re¬ 
quires  one  to  distinguish  between  the  use  of  the  word  equation  in 
algebra  and  the  proper  but  less  specific  use  of  the  word  in 
arithmetic.  For  instance,  in  arithmetic  if  we  wish  to  express  the 
cost  of  six  tickets  at  $1.65  each  we  may  s^y,  or  write 

(1)  The  cost  of  the  tickets  =  6X  $1.65. 

If  we  contrast  this  with  an  algebraic  equation,  say, 

(2)  x  +  2  =  9, 

we  immediately  encounter  some  striking  dissimilarities.  In  the 
first  equation  the  sign  of  equality  has  a  significance  quite  differ¬ 
ent  from  that  of  the  second  equation.  In  the  first  instance  the 
symbol  =  is  merely  a  convenient  way  of  connecting  “the  cost 
of  the  tickets”  with  the  fact  that  this  cost  is  obtained  by  multi¬ 
plying  $1.65  by  6;  the  symbol  has  no  distinctive  mathematical 
significance  as  to  either  implication  of  functional  relationship  or 
any  mathematical  operation ;  a  colon  would  do  as  well. 

In  the  second  equation  the  symbol  —  means  exactly  what  it 
says:  namely,  that  there  is  a  condition  of  equality  between  the 
two  numbers  x  +  2  and  9. 

The  most  striking  dissimilarity  between  the  two  equations  is 
not  connected  with  the  symbol  =  but  concerns  the  interpreta¬ 
tions  that  have  to  be  made  in  solving  the  equations.  In  (1)  there 
is  really  no  interpretation  called  for;  the  equation  is  solved  when 
the  indicated  operation  of  multiplication,  and  nothing  more,  has 
been  performed.  This  is  far  from  being  the  case  in  (2).  Here  the 
only  apparent  operation  is  that  indicated  by  the  sign  +  but 
this  is  the  sign  of  precisely  the  operation  that  is  not  performed 
practically  in  order  to  solve  the  equation. 

Two  methods  of  solution  of  the  equation  that  have  been  most 
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extensively  employed  have  failed  to  produce  adequately  satis¬ 
factory  results.  The  “transposition”  method  has  been  discredited 
because  it  neglects  any  semblance  of  mathematical  procedure. 
Application  of  the  axioms  is,  to  the  ordinary  pupil,  a  use  of 
formal  rules.  If  either  of  these  methods  succeeded  we  should  not 
be  likely  to  find  the  confusion  that  exists  in  the  treatment  of  the 
four  equations  discussed  on  page  16,  and  other  instances  with 
which  every  teacher  is  familiar. 

There  remains  a  third  method  of  attack  that  subordinates 
manipulation — the  performance  of  any  operation — to  an  under¬ 
standing  of  the  meaning  of  the  relations  expressed  between  the 
numbers  appearing  in  the  equation.  This  method  is  one  which 
would  employ  the  manipulation  of  algebraic  operations  because 
they  are  naturally  associated  in  the  pupil’s  mind  with  the  re¬ 
sults  he  desires,  while  by  the  first  two  methods  the  operations 
are  performed  with  more  or  less  blind  disregard  of  their  signi¬ 
ficance,  but  with  faith  that  their  consequences  will  be  reliable. 
The  extent  to  which  manipulation,  to  the  exclusion  of  meanings, 
dominates  ordinary  procedure  with  equations  was  demonstrated 
by  writing  the  portion  of  the  equation 

x  +  2  = 

on  one  side  of  a  sheet  of  paper  and  submitting  it  to  76  adults  with 
the  question,  “What  do  you  know  about  the  second  member  of  the 
equation,  if  solving  for  #?”  The  answers  varied  from,  “Don’t 
know  anything,”  “Might  be  anything,”  “Doesn’t  contain  x,”  to 
“You  will  have  to  see  the  second  number  before  you  can  tell.” 
So  far  as  could  be  determined  only  5  of  the  76  persons  interro¬ 
gated  had  even  thought  of  the  real  relation  between  the  members 
and  x  that  is  absolutely  expressed  by  the  first  member  alone. 
Every  one  of  the  persons  who  took  part  in  the  test  agreed  when 
the  fact  was  pointed  out  to  them  that 

as  it  stands  by  itself  means  the  second  member  of  the  equation 
is  2  more  than  x. 

The  recognition  of  this  fact  is  what  we  call  an  associative 
skill.  The  application  of  this  skill  to  this  particular  equation  at 
once  reduced  the  solution  of  the  equation  to  the  elementary  con¬ 
cepts  of  “more  than”  or  “less  than.”  The  second  member  of  the 
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equation,  whatever  it  is,  becomes  “2  more  than  x  ”  The  deter¬ 
mination  of  x  then  becomes  the  kind  of  process  with  which  the 
pupil  has  met  in  arithmetic  and  everywhere  else.  Transposition 
and  axioms  may  later  enter  to  abbreviate  the  actual  work,  but 
not  to  complicate  the  pupil’s  thinking;  he  has  already  done  the 
fundamental  thinking  when  he  has  perceived  the  essential  fact 
that  the  second  member  of  the  equation  is  more  than  x  by  the 
amount  2. 

To  put  a  pupil  through  the  task  of  getting  x  from  a  large  num¬ 
ber  of  equations,  with  the  hope  that  he  will  stumble  upon  the 
understanding  of  the  process  seems  quite  as  likely  to  confirm  him 
in  the  exercise  of  an  uncomprehending  routine  as  to  lead  him  to 
generalize  or  to  approximate  any  of  the  algebraic  virtues. 

Two  distinct  types  of  significance  attach  to  every  equation, 
one  type  belonging  to  the  purpose  for  which  the  equation  is  to 
be  used,  the  other  belonging  to  the  relations  between  the  symbols 
employed.  In  the  first  sense  the  meaning  of  the  equation  changes 
with  each  new  setting  in  which  it  is  encountered;  the  equation 


when  encountered  in  the  algebra  class  may  denote  something  to¬ 
tally  different  from  the  equation 


as  encountered  in  the  physics  class.  So  far  as  primary  meanings 
of  the  symbols  are  concerned,  that  seems  necessary  and  inevi¬ 
table;  but  when  the  appreciation  of  the  numerical  relations  in¬ 
volved  and  the  ability  to  solve  for  x  in  the  first  equation  carry 
no  sure  intimation  of  ability  to  solve  for  C  in  the  second,  then 
something  has  been  left  out  of  the  pupil’s  comprehension  of  the 
meaning  of  the  equation,  or  else  the  idea  of  algebraic  generaliza¬ 
tion  is  wrong. 

Drill,  repetition,  dealing  with  the  same  equation  with  changed 
symbolism  are  necessary  to  give  facility  and  a  sense  of  ease  in 
handling  such  situations,  but  educative  devices  demand  that  the 
pupil  shall  work  to  some  purpose  1  if  he  is  to  gain  the  greatest 

1  Thorndike,  E.  L.,  Educational  Psychology,  Vol.  II,  p.  51.  Bureau  of  Publica¬ 
tions,  Teachers  College,  Columbia  University,  1925. 
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return  for  the  effort  expended.  Of  course  this  general  psychologi¬ 
cal  law  is  operative  in  algebra,  if  it  is  anywhere,  but  what  is  the 
purpose?  Certainly  not  merely  to  get  the  result.  Quite  as  certainly 
exercise  is  for  the  purpose  of  inculcating  awareness  of  a  process, 
but  why  should  we  leave  the  attainment  of  this  awareness  to 
chance?  Why  not  inform  the  pupil  of  the  purpose  at  once  and 
then  let  him  act  with  a  view  to  illustrating  the  main  purpose? 

In  solving  the  equation  3x  =  15  there  is  a  reason  for  “dividing 
both  members  by  3,”  but  the  reason  is  not  because  “equals  divided 
by  equals  gives  equals.”  The  real  substance  of  the  statement  re¬ 
sides  in  the  fact  that  the  expression  3x  =  means  that  the 
second  member  of  the  equation  is  3  times  x.  The  recognition  of 
this  fact  is  the  associative  skill  of  this  relationship.  The  exercise 
of  this  skill  brings  the  operation  of  solution  down  to  the  applica- 
ton  of  elementary  notions;  namely,  that  15  is  3  times  some  num^ 
ber,  x,  and  that  if  a  given  number  is  3  times  a  required  number, 
that  required  number  is  obtained  by  dividing  the  given  number 
by  3.  This  is  difficult  enough — very  likely  even  more  difficult  than 
following  the  injunction  “divide  both  members  by  3,”  but  the 
associative  skill  employs  the  idea  of  the  meaning  of  the  equa¬ 
tion;  the  “divide-both-members-by-3”  method  requires  nothing 
but  an  act — there  may  be  no  meaning  whatever  attached  to  the 
act. 

Since  associative  skills  cannot  be  illustrated  by  any  manipula¬ 
tive  device  and  are  not  themselves  capable  of  symbolic  represen¬ 
tation,  but  rather  the  skills  of  association  represent  a  property  or 
characteristic  that  is  defined  by  symbols  and  is  antecedent  to  any 
operation,  there  is  no  shorthand  way  of  expressing  the  skill  that 
is  analogous  to  that  of  expressing  the  equation.  For  instance, 
“solve  3a;  =  15”  is  a  job.  “Solve  7 z  =  28”  is  a  different  job,  but 
there  is  no  difference  in  the  associative  algebraic  skills.  Whatever 
differences  there  are  are  wholly  of  an  arithmetical  nature.  In 
arithmetic  comprehension  of  the  facts  involved  in  recognizing 
5  X  3  as  15  and  4  X  7  as  28  are  both  separate  jobs  and  separate 
skills.  In  algebra  generalization  plays  no  part  in  determining,  and 
has  no  interest  in  limiting,  the  number  of  jobs;  if  the  number  of 
skills  is  to  parallel  exactly  the  number  of  jobs,  generalization 
ceases  to  be  an  aim  or  even  a  possibility.  The  very  existence  of 
algebra  seems  to  depend  upon  limiting  the  number  of  associative 
skills  to  a  class  numerically  less  than  the  number  of  jobs. 
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A  principle,  either  of  mathematical  law  or  of  organization  of 
teaching  material,  which  replaces  attention  to  the  details  of  each 
separate  situation  with  generalized  conclusions  that  are  valid  in 
individual  cases,  affords  great  economy  of  energy  and  practice. 

The  expression  x2  -f-  x  +  41  appears  to  yield  prime  numbers 
for  every  integer  that  is  substituted  for  the  variable  but  in  reality 
this  is  a  device  in  whose  operation  there  is  no  certainty  either  of 
law  or  generality,  and  its  validity  is  discredited  by  the  fact  that 
when  41  is  substituted  for  x  the  resulting  number  is  not  prime. 

On  the  other  hand  the  fact  that  a3  X  cl2  =  a5  is  an  illustration 
of  a  general  truth  which  establishes  the  law  am  X  an  =  am+n 
as  well  as  would  a  million  cases. 


Associative  Skills  of  Types  of  Linear  Equations  in  One 
Variable 

In  the  following  discussion  equations  of  the  form  x  -f-  2  =  9, 
2  -f  x  =  9,  9  =  x  +  2,  and  9  =  2  +  x  will  be  treated  as  repre¬ 
senting  a  single  type,  and  this  plan  will  be  followed  generally. 
That  is  because  we  are  discussing  the  associative  skills  which 
belong  exclusively  to  the  solution  of  the  equation.  To  solve  an 
equation  there  must  also  be  exercised  every  skill  of  Chapters  V 
and  VI. 


Type  oj  Equation 

1.  x  +  2  =  9 

2.  x  -  2  =  1 

3.  3x  =  7 

4.  5x  =  2x  +  4 


Associative  Skill 

The  second  member  of  the  equation  is  2  more  than 
x.  In  this  instance,  9  is  2  more  than  x. 

1  is  2  less  than  x. 


7  is  3  times  x. 


Here  there  are  at  least  three  relations  suggested  by 
the  conditions  of  the  equation:  (1)  The  second  mem¬ 
ber  of  the  equation  is  5  times  x;  (2)  the  first  member 
of  the  equation  is  4  more  than  2x;  (3)  the  first 
member  of  the  equation  is  2x  more  than  4.  The 
exercise  of  (1),  (2),  and  (3),  yield  respectively: 


(a) 

(b) 

(c) 


_  2x  +  4 
*  5 

5x  —  4  =  2x 
5x  —  2x  =  4,  or  3x  =  4 


The  third  leads  to  a  more  simple  equation  than  the 
given  one,  and  hence  is  the  skill  to  develop. 


The  second  member  of  the  equation  is  %  of  x. 
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Type  of  Equation  Associative  Skill 

6.  ^  x  —  11  %  of  x  is  M  of  3x. 

The  second  member  of  the  equation  is  *4  of  3x. 

7.  3x  —  4  =  7x  +  9  A  choice  of  associative  skills  is  presented  as  follows : 

(1)  The  second  member  of  the  equation  is  4  less 
than  3x;  (2)  the  second  member  is  3x  more  than 
—  4;  (3)  the  first  member  is  9  more  than  7x; 
(4)  the  first  member  is  7x  more  than  9. 

Which  skill  to  employ  is  to  be  decided  by  the  effect 
which  its  exercise  has  on  the  solution  of  the  equa¬ 
tion,  and  what  this  effect  is  can  only  be  determined 
by  trial. 

Judgment  is  the  result  of  experience,  and  judgment 
is  secured  by  actually  contrasting  one  method  of 
procedure  with  another.  In  this  case  the  skill  (1), 
whose  exercise  produces 
3x  —  7x  +  9  +  4 
or  3x  =  7x  +  13, 

followed  by  the  exercise  of  the  skill  of  the  type  (4), 
whose  exercise  produces 
3x  —  7x=\3 
or  —  4x  =  13, 

yields  a  simplified  form  of  the  equation  that  is 
capable  of  answering  the  question  as  to  what  is  the 
value  of  x. 

The  type  of  equation  discussed  above  is  sometimes  designated 
as  the  interrogative  sentence  of  algebra.  By  implication  it  asks 
for  the  value  of  the  variable  which  will  satisfy  the  equation. 
There  is  just  one  such  value  if  the  equation  is  linear;  two  if  it  is 
quadratic,  and  so  on;  but  the  values  which  the  variable  may  take 
are  strictly  limited  in  number  according  to  the  degree  of  the 
equation. 

Another  and  different  type  of  interrogative  equation  is  encoun¬ 
tered  as  soon  as  two  or  more  variables  enter  into  the  equation. 
The  question  now  is  no  longer  one  of  a  single  value,  but  of  many 
values,  and  this  is  true  regardless  of  the  degree  of  the  equation. 
Two  cases  must  be  distinguished,  according  as  the  values  which 
the  variables  may  take  do  or  do  not  have  to  satisfy  certain 
conditions. 

The  first  case  may  be  illustrated  by  the  equation  x  y  =  11 
in  which  either  x  or  y  may  take  any  finite  value  whatever,  sub¬ 
ject,  however,  to  the  peculiar  conditions  that  once  a  particular 
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value  has  been  assigned  to  either  variable,  then  there  is  a  limited 
number  (in  this  case  one)  of  values  that  the  other  variable  may 
assume.  In  the  case  of  the  equation  x  -f-  2  =  9  we  have  seen 
(see  p.  85)  that  the  associative  skill  essential  to  an  understanding 
of  the  statement  of  the  equation  consists  in  observing  that  the 
second  member  of  the  equation,  whatever  it  may  be,  is  2  more 
than  x.  Comprehension  of  the  meaning  of  the  equation  x  -f  y  —  11 
necessitates  as  an  associative  skill  recognition  of  the  fact  that  the 
sum  of  two  numbers  equals  something.  The  portion  of  the  state¬ 
ment  of  the  equation  embraced  in  x  -f-  y  =  conveys  that  idea. 
The  particular  further  fact  that  attaches  to  this  particular  job  is 
that  the  sum  of  the  two  numbers  is  11,  but  the  general,  trans¬ 
ferable,  element  that  is  common  to  this  and  every  similar  equa¬ 
tion  is  the  idea  conveyed  by  the  first  member  of  the  equation,  and 
it  is  to  be  noted  that  this  general  idea  is  not  in  any  manner 
affected  by  what  happens  to  stand  in  the  second  member  of  the 
equation. 

It  is  to  be  noted  also  that  the  expression  x-\ -y  —  conveys 
the  idea,  not  only  that  the  second  member  of  the  equation  is  the 
sum  of  x  and  y,  but  that  the  second  member  is  y  more  than  x,  and 
also  x  more  than  y.  The  meaning  and  processes  of  simultaneity 
are  bound  up  with  this  latter  idea.  If 
x  +  y  =  ll 

and  2x  +  y  =  13 

at  the  same  time  the  fact  that  in  either  instance  y  can  be  ex¬ 
pressed  in  terms  of  a  relation  to  x  furnishes  the  most  fundamental 
basis  for  the  substitution  of  the  value  found  for  y  in  either  of 
the  original  equations  that  is  not  used  in  expressing  this  value. 

Of  types  of  relationships  between  values  that  enter  into  an 
equation  there  remains  one  in  which  there  is  no  restriction  what¬ 
ever  imposed  on  one  variable  by  any  value  which  attaches  to 
another.  To  this  kind  of  equation  the  name  identity  is  given.  It 
is  illustrated  by 

(a  b)2  —  a2  2ab  -\~  b2 
or 


x  —  y 


F 


x  +  y 


in  which  the  values  of  the  variables  may  take  on  any  measure 
whatever  of  a  real  algebraic  number.  The  peculiar  property  of 
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this  kind  of  equation  is  that  while  it  states  a  fact  it  answers  no 
questions.  This  form  of  the  equation  emphasizes  to  the  highest 
degree  manipulative  skills,  while  associative  skills  of  relation  are 
practically  lacking.  The  only  reason  for  mentioning  the  identity 
in  a  chapter  devoted  to  skills  of  relation  is  that  the  form  of  the 
identical  expression  is  to  all  external  appearances  precisely  like 
the  equation  of  functional  relationship  which  is  entitled  to  some 
consideration  here. 

We  have  already  discussed  at  length  the  capacity  of  the  alge¬ 
braic  expression  for  the  expression  of  a  general  number  (see 
Associative  Skills  of  Interpretation,  page  59).  This  property  of 
algebraic  numbers  also  permits  of  the  expression  of  general  rela¬ 
tions.  If  a  represents  the  area  of  a  square  and  s  the  length  of  the 
side,  a  general  relation  between  area  and  side  is  expressed  by 
a  =  s2  but  from  a  mathematical  standpoint  the  important  fact  is 
not  the  mere  statement — words  would  do  as  well  as  symbols  for 
that;  but  the  value  of  this  type  of  expression  is  in  translating 
the  ideas  of  area  and  of  side  into  the  corresponding  numerical 
measures  of  these  magnitudes.  The  associative  skill  of  this  rela¬ 
tionship  takes  account  of  the  fact  of  the  statement,  but  more 
particularly  it  perceives  that  a  depends  upon  s  for  its  value ;  that 
any  change  in  s  produces  some  change  in  a.  In  other  words,  a  is  a 
function  of  s. 

A  similar  relationship  exists  between  d,  ry  and  t  in  the  equation 
d  —  rt  and  between  F  and  C  in 

F  =  +  32. 

5 

The  idea  of  function  is  always  present  in  an  equation  contain¬ 
ing  two  or  more  variables,  but  because  the  function  concept  per¬ 
vades  all  of  algebra  wherever  any  general  expression  of  symbolism 
of  relation  occurs,  the  function  is  classified  and  discussed  under 
Skills  of  Interpretation,  page  76. 

When  equations  like  the  above  are  employed  to  express  rela¬ 
tionships  that  are  found  in  situations  which  have  actual  and 
practical  applications,  the  equations  are  called  formulas .  The 
formula  thus  derives  its  name  and  its  identification  as  such  not 
from  its  mathematical  forms  but  from  the  use  to  which  it  is  put. 
From  a  mathematical  standpoint  it  is  immaterial  whether  the 
word  equation  or  formula  is  used,  though  it  should  be  noted  that 
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the  formula  always  involves  the  idea  of  function  because  of  the 
presence  of  at  least  two  variables.2 

The  Quadratic  Equation 

The  quadratic  equation,  by  definition,  is  of  the  second  degree. 
Its  solution  is  of  the  first  degree.  This  suggests  that  between 
equations  of  the  second  degree  and  equations  of  the  first  degree 
there  must  be  some  relation.  The  discovery  of  that  relation  con¬ 
stitutes  a  method  of  solution.  A  relation,  observable  early,  is  that 
a  quadratic  expression  results  from  the  multiplication  of  two 
linear  factors,  and  a  quadratic  equation  may  be  obtained  by 
multiplying,  member  by  member  (see  axioms),  two  linear 
equations. 

Often  the  detection  of  these  original  multipliers  is  simple,  as 
in  the  case  of  x2  -f-  bx  +  6  =  0.  Obviously  this  may  be  written 
(x  +  2)  (x  -f  3)  =  0.  Since  0  as  the  result  of  a  product  occurs 
only  where  one  of  the  factors  is  0,  either  £-j-2  =  0ora;  +  3:=0, 
and  these  equations  yield  the  results  —  2  or  —  3  as  values  which 
x  may  take  in  the  original  equation.  These  are  the  desired  results, 
if,  when  substituted  for  x,  the  two  members  of  the  equation  are 
made  equal  (in  this  case  0) . 

But  some  equations  are  difficult  to  factor.  For  instance 
x2  -|-  5x  -f  7  =  0.  The  method  of  determining  the  factors  is  fairly 
simple  but  not  altogether  evident.  It  depends  upon  the  formation 
of  the  only  equation  that  is  of  such  a  nature  that  the  factors 
which  contribute  to  the  product  may  surely  and  easily  be  de¬ 
tected  in  the  product. 

In  the  equation  first  discussed,  namely,  x2  +  5x  +  6  =  0,  it 
was  easy  both  to  factor  the  first  member  and  to  determine  what 
value  the  variable  takes  in  each  factor,  because  the  second  mem¬ 
ber  of  the  equation  is  0.  Had  the  second  member  been  any  other 
number  than  0,  then  it  would  not  have  been  easy  to  determine 
what  value  to  attach  to  the  factors.  Suppose  that  instead  of  the 
equation  x2  -f-  5x  +  6  =  0  we  had  been  given  the  equation 
x2  +  5x  +  6  =  4 ;  the  first  member  is  still  factorable,  so  that  we 
could  write  (x  -f-  2)  (x  +  3)  =  4  but  we  should  be  unable  to  tell 
from  this  form  what  values  to  assign  to  x  in  order  to  make  the 
product  of  the  two  factors  equal  to  4.  Trial-and-error  methods 

1 A  suggestive  list  of  exercises  designed  to  illustrate  functional  relationship 
is  to  be  found  in  Chapter  X  of  E.  L.  Thorndike’s  The  Psychology  of  Algebra. 
The  Macmillan  Co.,  1924. 
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will  be  of  no  avail.  It  is  doubtful  if  by  this  method  a  person 
wTould  be  able  in  a  lifetime  to  find  the  right  value  of  x  to  make 
the  product  of  the  two  factors  x  +  2  and  x  +  3  equal  to  4. 

Had  the  two  factors  of  the  first  member  been  equal,  the  solu¬ 
tion  would  have  been  simple.  Suppose  we  had  been  given  such  an 
equation  as  (i  +  3)  (a:  -f-  3)  =  4  we  could  immediately  have 
applied  the  axiom  of  multiplication  by  noting  that  if  we  have 
given  an  equation  of  the  form  x  -f-  a  —  b  the  product  of  these 
two  equal  quantities  x  -f  a  and  b  by  x  +  a  and  b,  respectively, 
yields  the  quantities  {x  +  a)  {x  -f-  a)  or  {x-{-  a)2  and  b’b  or  62, 
which,  by  the  axiom  of  multiplication  are  equal;  or,  as  usually 
written,  {x  +  a)2  =  b2. 

It  may  be  noted  that  had  the  original  equation  been 
x  +  a  =  —  b,  the  process  of  multiplying  each  member  by  itself 
would  also  have  been  the  same  equation  as  we  have  derived 
above;  namely,  (x  +  a)2  =  b2. 

But  the  essential  feature  of  the  operation  that  is  to  be  observed 
consists  of  the  fact  that  if  we  have  given  a  quadratic  equation 
of  the  form  (z-f  a)2  =  b2  we  may  always  know  what  factors 
produced  the  equation,  by  applying  the  axiom  of  multiplication. 
This  fact  supplies  the  associative  skill  for  the  solution  of  the 
quadratic. 

Suppose  the  quadratic  equation  is  of  the  form  x2  -f-  Vx  +  <7 
=  0.  We  now  know  that  a  convenient  form  for  the  equation  to 
take  is  that  of  (x  -f  a)2  =  b2.  If  we  can  change  the  form  of  the 
given  equation  so  as  to  represent  twro  products  of  equal  factors, 
the  solution  is  made  possible.  To  be  able  to  do  this  depends  upon 
the  ability  to  recognize  the  relations  of  the  terms  of  a  perfect 
square  of  a  binomial  to  each  other  and  to  the  original  binomial. 
This  is  effected  by  analyzing  the  square  of  any  binomial.  For 
instance,  the  square  of  m  -f-  n  or  (m  +  n) 2  =  m2  -f-  2 mn  +  n2t 
or  if  it  is  desired  to  emphasize  the  fact  that  the  first  term  is  a 
square  of  m  and  that  the  second  term  also  contains  m,  the  equa¬ 
tion  may  be  written  in  the  form  of  (m  +  n)2  =  m2  +  2?i-m  -j-  n2. 
The  third  term  now  appears  to  be  the  square  of  half  the  co¬ 
efficient  of  m,  where  2 n  is  considered  as  a  coefficient.  Since  our 
original  binomial  was  any  binomial,  the  conclusion  just  reached 
regarding  the  third  term  must  apply  generally  to  the  relations 
between  the  three  terms  of  a  product  of  a  binomial  by  itself. 

Going  back  now  to  the  equation  x2  +  px  +  q  =  0,  which  is  to 
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be  solved  for  x,  it  is  observed  that  the  square  of  the  two  terms  in 
x  may  be  completed  as  above  by  adding  to  them  the  square  of 

v  .  P“ 

half  the  coefficient  of  x,  or  the  square  of  £,  which  equals 

v2 

The  expression  x2  Vx  +  then,  is  a  perfect  square.  If  q 
in  the  equation  is  already  equal  to  ~  nothing  further  need  be 

-T)2 

done  to  complete  the  square,  but  if  q  is  not  equal  to  —  then 

v2 

there  must  be  added  to  q  the  difference  between  ~  and  q  which 

is  ^ - q.  Note  that  if  t - q  is  added  to  the  first  member  of 

4  4 

v2 

the  equation  the  sum  is  x2  +  px  +  j-- 

The  meaning  of  an  equation  necessitates  adding  the  same 
quantity  also  to  the  second  member  so  that  the  transformed 
equation  becomes 

v2  v2 

x2  +  vx  +  j-~-  —  q 


or 


The  two  factors  of  each  member  are  now  seen  to  be  equal,  if 

p2 

the  square  root  of  - - q  is  considered.  The  application  of  the 


axiom  of  multiplication  then  enables  us  to  see  that  originally  the 
linear  equation  from  which  the  quadratic  equation  might  have 
been  considered  as  derived  was 


<»  •+!=(?-«)■ 

®  *+!=-(£-«> 


from  which  the  factors  derived  from  the  two  equations  become 


and 


•+S+ 


a 


Or,  the  original  equation  might  have  been  written 

['+!-(?-»)']  [•+!+(?-«) 


0. 
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Summary  oj  Associative  Skills  of  the  Quadratic  Equation 

1.  A  quadratic  equation  may  always  be  considered  as  obtained 
from  two  linear  equations  by  a  process  of  multiplication. 

2.  The  linear  equations  which  produce  a  quadratic  equation  by 
multiplication  may  always  be  determined  if  the  quadratic  equa¬ 
tion  is  of  the  form  {x  -f-  a)2  =  b2. 

3.  The  third  term  of  a  result  obtained  by  multiplying  a  bi¬ 
nomial  by  itself  may  be  obtained  from  the  other  two  terms. 

Associative  Skills  Illustrated  in  the  Interpretation  of  a 
Formula 

A  stated  formula  has  two  principal  algebraic  applications:  (1) 
the  derivation,  by  substitution  of  numerical  values,  of  some  part 
(unknown)  of  the  formula;  (2)  changing  the  subject  of  the 
formula. 

In  the  formula  T  =  2 nrh  -|-  2 nr2  the  derivation  of  T,  having 
given  the  values  of  n,  r,  and  h,  is  a  very  simple  matter  for  one 
who  possesses  the  requisite  ability  in  reading,  or,  as  referred  to 
here,  the  necessary  skills  of  interpretation.  Assume  that  the 
numerical  values  of  n,  r,  and  h  are  3%,  4,  and  20,  respectively. 
The  following  implied  questions  must  be  answered,  in  order  to 
determine  the  value  of  T: 

What  is  the  meaning  of  2 nrh?  That  is,  what  operation  is  un¬ 
derstood  between  2,  n,  r,  and  hf  (See  page  62  and  page  71.) 

How  then  shall  the  value  of  the  term  2nrh  be  found  in  this 
particular  exercise? 

What  is  the  meaning  of  r2  in  the  last  term?  (See  page  62.) 

In  this  case  what  is  to  be  done  to  obtain  the  value  of  2 ?ir2? 

May  we  now  state  the  value  of  T?  [Not  until  the  values  that 
we  have  found  for  2 nrh  and  for  27ir2  have  been  added.]  (See 
page  65.) 

Suppose  that  instead  of  desiring  the  value  of  T,  having  given 
the  numerical  values  of  n,  r,  and  h,  it  is  desired  to  change  the 
form  of  the  formula  so  as  to  obtain  an  expression  for  h.  This  is 
called  by  Nunn  “changing  the  subject  of  the  formula.”  Now  it  is 
necessary  to  think,  not  in  terms  of  particular  values  of  particular 
symbols  and  the  way  in  which  they  are  combined,  but  in  terms 
of  the  manner  in  which  h  is  related  to  the  entire  equation.  The 
subject  of  the  formula  is  still  T,  but  the  subject  of  our  thinking 
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becomes  h,  which  is  finally  to  become  the  subject  of  the  changed 
formula. 

Now  the  question  is,  What  does  the  first  member  equal  in 
values  of  either  of  the  terms  of  the  second  member?  (See  page 
89.) 

T  is  more  than  2 nrh  by  the  value  of  2 nr2,  or  T  is  more  than 
2 nr2  by  the  value  of  2nrh.  We  shall  use  the  relation  that  seems 
most  desirable.  (See  page  88.) 

Since  T  is  more  than  2 nrh  by  the  value  of  2 nr2,  it  follows  that 
T  —  2  nr2  =  2nrh. 

It  now  appears  that  T  —  2nr2  is  how  related  to  h?  ( T  —  2 nr2 
equals  h,  multiplied  by  2 nr.) 

Then  h  must  equal  T  —  2 nr2  divided  by  2nr. 

T _  2nr2 

Our  final  conclusion  is  h  — - - - . 

2nr 

Can  this  expression  in  the  second  member  be  further  simplified? 
(See  page  61  and  page  64.) 


CHAPTER  VIII 


GENERAL  SUMMARY 

Algebra  is  distinguished  for  the  variety  of  the  tasks  that  can 
be  set,  in  the  performance  of  which  there  is  required  the  exercise 
of  some  special  ability.  To  each  one  there  may  be  applied  a 
Separate  manipulative  skill.  So  far  as  the  problems  and  exercises 
themselves  are  concerned,  it  is  not  unlikely  that  a  machine  could 
be  devised  that  could  solve  each  of  them ;  a  great  many  machines 
would  be  necessary,  and  still  this  would  not  be  algebra.  It  is  not 
difficult  to  classify  work  in  algebra  according  to  the  length  or 
character  of  the  symbolism  employed.  For  instance,  all  topics 
could  be  grouped  according  to  the  number  of  terms  employed, 
whether  monominal,  binominal,  or  trinominal,  and  so  on;  or 
according  to  the  number  of  operations  involved;  or  according  to 
whether  the  numerals  used  were  integral  or  fractional;  and  in 
many  other  ways. 

Each  type  could  easily  be  subdivided  until  we  should  have 
finally  each  task  placed  with  reference  to  its  particular  technique. 
When  we  had  done  this  all  that  would  be  necessary  would  be  to 
identify  the  type  to  which  a  task  might  belong,  and  proceed  to 
set  in  motion  the  appropriate  machinery,  mental  or  otherwise,  for 
its  treatment.  Logically  this  plan  appears  quite  perfect.  In  prac¬ 
tice  it  proves  to  have  at  least  three  fatal  defects.  In  the  first 
place  the  number  of  separate  jobs  is  too  great  to  be  mastered  in 
this  way;  in  the  second  place,  ability  gained  in  one  situation 
does  not  easily  transfer  to  another  which  illustrates  the  same 
principle  but  differs  in  the  external  appearance ;  and  in  the  third 
place,  ability  to  manipulate  seems  to  cultivate  but  slight  sense 
of  awareness  of  applicability  of  the  skill  which  the  manipulation 
employs.  Instances  of  the  presence  of  such  defects  are  cited  in 
the  chapters  on  “The  Meaning  of  Algebra,”  “The  Nature  of 
Skills,”  and  “Learning  in  Algebra.” 

On  the  other  hand,  the  manipulative  instruments,  as  distin¬ 
guished  from  tasks,  by  which  the  operations  of  algebra  are 
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effected,  are  few  in  number  and  the  principles  employed  are  also 
restricted  to  a  narrow  field.  Elementary  algebra  requires  that  the 
pupil  shall  be  able  to  add,  subtract,  multiply,  and  divide  alge¬ 
braic  numbers  either  as  found  in  independent  expressions  or  in 
equations.  While  the  range  of  the  kind  of  work  that  is  performed 
is  very  limited,  it  is  easy  to  create  an  impression  in  the  mind  of 
the  pupil  of  the  existence  of  a  great  number  of  different  opera¬ 
tions.  It  is  evident,  for  instance,  that  pupils  turn  with  very  little 
awareness  of  similar  elements  from  practice  in  solving  equations 
of  the  type: 

Solve  for  x: 

(1)  4x+5  =  17 

to  problems  of  the  type: 

Solve  for  T: 

(2)  A  =  P  +  Prt. 

In  these  instances  the  pupils  who  were  able  to  solve  for  x  in 
the  first  exercise  with  95.7  per  cent  accuracy,  were  disturbed  by 
the  second  to  such  an  extent  that  only  64.2  per  cent  solved  it.1 
These  were  the  results  obtained  in  spite  of  the  fact  that  practice 
preceded  each  of  the  tests,  that  between  the  giving  of  the  tests 
on  the  first  and  second  problems  the  pupils  had  a  great  deal  of 
experience  with  equations,  and  the  further  fact  that  the  algebraic 
principles  involved  in  the  two  exercises  are  identically  the  same. 
The  first  of  these  problems  was  attempted  early  in  the  ninth 
grade ;  the  second  toward  the  close  of  the  year. 

On  the  surface  the  statistical  evidence  on  the  outcome  in  the 
two  instances  indicates  that  the  first  exercise  was  well  taught 
and  that  the  second  was  poorly  taught.  If  the  exercises  are  to  be 
considered  as  separate  jobs,  the  conclusions  stated  are  fair  ones. 
If  algebra  is  to  be  considered  as  a  subject  designed  to  inculcate 
principles  and  stimulate  both  a  method  of,  and  an  ability  in, 
thinking,  then  the  statements  that  one  problem  was  well  taught 
and  that  the  other  was  poorly  taught  are  inconsistent. 

From  the  pupils’  viewpoint  there  was  evidently  something  quite 
different  about  the  exercises.  To  the  pupil  who  attempts  the 
solution  of  these  two  equations  on  a  manipulative  basis  the 
difference  in  symbolism  is  enough  to  account  for  an  appearance 

1  W.  D.  Reeve,  A  Diagnostic  Study  of  the  Teaching  Problems  in  High  School 
Mathematics,  pp.  104,  109.  Ginn  and  Co..  1926. 
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of  a  totally  new  set  of  circumstances  as  he  passes  from  the  first 
to  the  second  of  the  equations. 

To  the  pupil  schooled  in  the  associative  skills  of  appreciation, 
and  relation  suggested  by  the  equations,  the  problems  become 
what  they  really  are,  exercises  in  the  same  algebraic  principles, 
with  changed  numbers  but  not  with  changed  methods  of  proce¬ 
dure  or  changed  meanings  of  any  kind. 

The  following  simple  exercises  are  taken  to  illustrate  the 
manner  in  which  the  associative  skills  of  interpretation  and  rela¬ 
tion  may  be  applied: 


Problem 

Solve  for  x : 

4x  +  5  =  17 


Problem 

Solve  for  t: 

A  =  P  + Prt 


Skills  of  Interpretation 


4x  +  5  is  a  number  which  equals 
the  number  17. 

4x  is  a  number,  as  are  also  4 
and  x. 

Skills  of 

x  is  a  number  whose  relation  to 
the  rest  of  the  equation  is  sought : 

17  is  5  more  than  4x: 
therefore  4x  =  17  —  5  =  12. 

12  is  4  times  x: 

therefore  x  =  ~  ^  3. 


A  is  a  number  which  equals  the 
number  P  +  Prt. 

Prt  is  a  number  as  are  also  P, 
r,  t,  Pr,  and  Pt. 

Relation 

t  is  the  number  whose  relation  to 
the  rest  of  the  equation  is  sought : 

A  is  P  more  than  Prt  : 
therefore  A  —  P  =  Prt. 

A  —  P  is  Pr  times  t ; 

therefore  t  = 

Pr 


It  will  be  observed  that  the  treatment  given  these  exercises 
differs  from  the  usual  appeal  to  “axiomatic”  methods  in  that  the 
use  of  the  associative  skills  keeps  constantly  to  the  forefront  of 
attention  the  actual  relations  between  the  numbers  which  are 
involved  in  the  equations.  Throughout  the  entire  process  the 
emphasis  is  placed  not  on  the  performance  of  some  operation  to 
be  selected  from  “a  bag  of  tricks”  but  upon  the  relationships 
which  depend  for  their  further  simplification  only  upon  the  most 
elementary  notions  of  quantities.  By  elementary  notions  is  meant 
those  of  more  than  and  less  than.  If  a  child  in  transferring  a  large 
number  of  books  from  the  study  room  to  the  library  were  to 
attempt  to  carry  more  than  he  could  lift,  and  in  such  a  circum¬ 
stance  were  undecided  whether  to  increase  the  burden  by  placing 
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more  books  on  the  load,  in  the  presence  of  more  than,  or  to 
lighten  the  load  by  taking  some  off,  it  is  extremely  improbable 
that  associative-  skills  would  make  much  of  an  appeal  to  his 
intelligence.  Not  only  must  a  child  have  sufficient  mental  ability 
to  make  the  correct  response  in  the  presence  of  the  situation 
itself,  but  he  must  possess  enough  imagination  to  comprehend 
the  setting  and  make  a  decision  when  all  of  the  actual  circum¬ 
stances  are  remote  and  there  is  stimulation  of  the  senses  only 
through  whatever  representation  may  be  conveyed  by  symbols. 

To  answer  the  question,  “What  is  x,  if  12  is  5  more  than  xV’ 
is  of  tremendous  difficulty  compared  with  satisfying  the  demand, 
“Subtract  5  from  12,”  although  both  require  the  same  manipula¬ 
tive  skill.  In  the  one  case  judgment  of  a  high  order  is  required. 
In  the  other  case,  a  mere  act,  in  response  to  a  definite  stimulus, 
suffices. 

In  this  study  there  have  been  discussed  at  some  length  forty- 
four  associative  skills  of  ninth  grade  algebra.  The  summaries  to 
which  the  index  below  refers  are  necessarily,  in  most  cases,  so 
condensed  as  to  afford  only  a  name  for  the  skills,  whose  detailed 
characteristics  are  outlined  in  the  pages  preceding  the  summaries. 


Outline  of  Associative  Skills  of  Ninth  Grade  Algebra 


NO.  OF  SKILLS 

CHARACTER 

SUMMARIZED 

PAGE  NO. 

6 

Directed  Numbers 

General  Meaning 

41-42 

2 

Addition 

46 

1 

Subtraction 

53 
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58 
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73-75 

3 

General 

77 

2 

Line  Graph 

83 

7 
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88-89 
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90 
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The  associative  skills  that  have  been  listed  center  attention  on 
the  thinking  that  may  be  a  part  of  algebraic  operations.  They  are 
not  devices,  nor  do  they  encourage  habits  that  will  have  to  be 
broken  later  or  methods  of  thinking  that  are  calculated  to  hinder 
a  pupil  as  power  develops  in  dealing  with  more  complicated 
algebraic  conceptions. 

The  pupil  who  initially  acquires  the  power  to  solve  the  equa- 
3x 

tion  —  =  7  because  he  has  learned  to  read  and  interpret  the 

equation  as  meaning  that  the  second  number  of  the  equation  as 
it  stands  is  one-fourth  of  3z,  followed  by  the  idea  that  the 
second  number  of  the  resulting  equation  is  3  times  x,  has  been 
called  upon  to  exercise  the  elementary  ideas  pertaining  to  the 
number  of  fourths  in  a  whole  and  the  relation  of  3  times  a 
quantity  to  the  quantity  itself.  Relations  are  stressed  from  the 
first,  but  there  is  nothing  in  this  approach  that  hinders  the  pupil 
from  generalizing  to  the  effect  that  if  equals  are  multiplied  by 
equals  the  results  are  equal,  or  that  if  equals  are  divided  by 
equals  the  results  are  equal.  These  axioms  have  an  opportunity 
to  grow  out  of  the  pupil’s  experience  and  to  take  their  proper 
place  in  his  estimation  as  an  economical  form  of  thought. 

Contrast  the  approach  which  has  just  been  discussed  with  the 
situation  which  confronts  a  pupil  when  he  meets,  for  the  first 

3# 

time,  an  equation  of  the  form  —  =  7  and  is  asked  to  deal  with 

it  by  applying  the  axioms.  Aside  from  the  fact  that  this  presents 
a  problem  that  is  new  both  in  the  form  of  its  language  and  in  the 
treatment  of  its  solution,  the  “axiomatic”  approach  has  the 
fundamental  defect  of  immediately  centering  attention  upon 
manipulation;  although  manipulation  has  its  place,  and  a  valu¬ 
able  place,  in  algebra,  it  has  been  shown  by  specific  illustrations 
that  mere  ability  to  perform  algebraic  operations  is  very  small 
indication  either  that  the  application  of  a  pure  manipulative 
ability  will  be  made  at  the  right  time  or  that  the  possibility  for 
its  use  will  be  recognized  later. 

The  advantages  of  emphasizing  these  associative  skills  are 
threefold:  They  are  not  so  numerous  as  the  manipulative  skills, 
but  they  give  purpose  and  direction  to  these  skills.  The  associa¬ 
tive  skills,  at  every  step,  put  meanings  into  operations  by  inquir¬ 
ing  into  the  significance  of  the  relations  between  the  number 
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ideas  that  compose  algebraic  situations.  And,  finally,  the  asso¬ 
ciative  skills  provide  the  pupil,  at  every  step,  with  an  opportunity 
to  check  upon  his  own  conclusions. 

All  of  the  elementary  exercises  that  a  pupil  meets,  for  instance, 
that  involve  the  idea  of  sign  are  directly  related  to  the  number 
scale.  In  place  of  the  multiplicity  of  rules  governing  addition, 
subtraction,  multiplication,  and  division,  the  associative  skills  of 
directed  number  necessitate  the  fundamental  concept  of  the 
meaning  of  algebraic  number  and  direct  practice  around  this 
central  idea. 

In  dealing  with  equations  fundamental  notions  of  number 
relations  are  given  an  opportunity  to  operate  until  formal 
methods  and  ideas  may  develop  as  final  forms  of  economy  of 
thought,  but  such  methods  have  the  advantage  of  a  background 
of  appreciation  of  significant  relations,  which  the  operation  of 
rules  does  not  seem  to  inculcate. 

X 

In  so  simple  an  equation  as  -  =  7  the  difference  between 

realizing  that  “the  second  member  of  the  equation  is  one-third  of 
x,”  and  proceeding  to  a  solution  by  observing  the  rule  of  “multi¬ 
ply  both  members  of  the  equation  by  3”  is  the  difference  between 
a  process  that  calls  for  the  exercise  of  the  pupil’s  own  thought  to 
reach  a  conclusion,  and  a  manipulative  act  into  which  there  may 
have  entered  little  thinking. 


APPENDIX 


Section  I 

The  following  are  exercises  whose  treatment  includes  the  skills  of  first- 
year  algebra. 


Exercise 

1.  Perform  the  indicated  operations  and  reduce  to  simplest 
form : 

2  a/5c  .  \Zl2c 
3c  Vl5 

2.  Perform  the  indicated  operations  and  simplify  the  results 
in  the  following: 

1  3a 


1  Per  Cent 
Right 


a  —  b  a 2  —  b 2 

3.  Perform  the  indicated  operations  and  simplify  the  result 
in  the  following: 

2  — 3a 


5  — 


4  a 


4.  Solve  for  x 


5x 


17x  5  01/ 

I  =  1 - 3~2Ax 


5.  Perform  the  indicated  operations  and  simplify  the  result 
in  the  following: 

x  —  y  x4  —  y*  _ 
x2  +  y2  (x  —  yY 

6.  Perform  the  indicated  operations  and  simplify  the  result: 

8s  +  5  y  _  2x  +  3  y 
3xy2  z?y 

7.  Solve  for  r: 


8.  Find  the  value  of 


S  =  ' 


3x  (x2  —  5 xy  +  3  y1) 


1  As  determined  by  tests  of  approximately  1,200  pupils. 
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9.6 

15.1 

15.8 

16.2 

16.9 

17.4 

19.0 


x  —  3  y 

for  x  =  2  and  y  =  ■ 

-3 

21.4 

9.  Solve  for  x: 

x2  +  z  —  3  =  0 

21.4 

10.  (2 x3my2Y  = 

22 

11.  Solve  for  x: 

x  +  4  _  x  +  2 
x  —  5  x  —  3 

22.3 
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Per  Cent 
Right 


Exercise 

12.  Perform  the  following  operation  and  simplify  the  result: 


7a  +  2  _j_  4 a  —  3 


13.  Solve  for  x : 


12a 
5 

2  —  x 


4  a 
3 

4  +  x 


14.  Perform  the  indicated  operations  and  simplify  the  result: 

2x  +  2(3x  -  2 y)  -  4(x  +  3 y)  = 

15.  Perform  the  indicated  operations: 

4x  —  6y  +  5x  —  3  y  = 

16.  The  volume  of  a  sphere  is  the  cube  of  its  radius  multiplied 
by  ^  n t.  Find  V  if  r  =  12  ft. 

O 

17.  2a%  X  5 a%  = 

18.  Find  the  prime  factors  of: 

2x2z  +  11x2  +  12  2  = 

19.  Find  the  prime  factors  of: 

(a  +  h)2  —  9 

20.  Solve  for  x: 

5x  ,  25  _  ,  x 

T+T2_3+4 

21.  Find  the  product: 

(3br)  (4 b2r)  (6 bV)  = 

22.  Solve  for  r: 

E 


C  = 


R  +  r 


23.  Find  the  prime  factors  of: 

x*  —  y* 

24.  Perform  the  indicated  operations  and  simplify  the  result  in 


the  following: 


25.  Solve  for  x: 


26.  Divide  as  indicated : 


a  _x  +  V 
x2-y*~  b 

-  3  (2  -  5x)  =  32 

8x  9x^  _ 

12  '  15 


27.  Solve  for  y : 

28.  Solve  for  M : 


8y  -  14  -  3y  +  9  =  0 
2,  —  Mx  ~  y 


29.  Perform  the  indicated  operations  and  simplify  the  result  in 
the  following: 

7x  -  [5 y  -  (4x  -  32)  +  (7 y  -  62)  ] 

1  As  determined  by  tests  of  approximately  1,200  pupils. 


22.7 

27.2 

28.7 

29.3 

29.3 

29.3 

29.9 

32.1 

36.5 

36.8 

36.9 

37.4 


38.6 
38.9 

38.9 

39.6 
40.0 


40.1 
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Exercise 


30.  Solve  for  x: 

xa  +  4x  =  18 

31.  Select  three  pairs  of  corresponding  values  for  x  and  y  in 
the  following  equation  and  draw  its  graph: 

2x  —  y  =  G 

32.  Graph  the  system  of  equations  below  and  indicate  whether 
there  is  a  solution: 


4x  +  3y  =  2 
8x  +  6y  =  10 


33.  Simplify: 

VT2+V48+  ^1  = 

34.  Solve  for  r: 

4  j 

"  =  3  ^ 

35.  Solve  for  x: 

x3  23x  ==  —  112 

36.  Solve  for  x: 

x_  7  x 

2  4  3 

37.  Solve  for  x: 

5(x  +  2)  ,  __x  ,  r 

6  +I  2+5 

38.  Solve  for  x : 

OAx  —  5  =  3.8 

39.  Find  the  prime  factors  of: 

4  aa  +  16a  +  16 

40.  Divide  as  indicated: 

-  15xV(7  -  3) 

—  5x*ya 

41.  Solve  for  x  and  y: 


42.  Perform  the  indicated  operations  and  simplify  the  results 
in  the  following: 

2a  .  5a  a  _ 

3^8  4 

43.  Solve  for  x: 

12  -  8x  =  3  -  2x 

44.  Find  the  prime  factors  of : 

3xa  +  6x 

45.  Graph  the  following  system  of  equations  and  indicate 
whether  it  can  be  solved: 

x  +  y  =6 
2x  —  3y  =  2 

1  As  determined  by  tests  of  approximately  1,200  pupils. 


Per  Cent 
Right 

41.3 

41.4 

42.6 

44.2 

44.3 

44.6 

44.7 

44.8 

45.3 
45.6 
46.0 

46.4 

46.5 

46.9 

47.4 

48.4 
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Section  II 


The  table  and  other  data  appearing  below  pertain  to  five  typical  exer¬ 
cises  attempted  by  549  candidates  for  the  examination  of  the  College 
Entrance  Examination  Board  shortly  prior  to  the  date  of  the  1927  exami¬ 
nation  : 


PROBLEM  NO. 

1 

2 

3 

4 

5 

Number  of  pupils . . 

549 

549 

549 

549 

549 

Number  of  exercises  correct. 

489 

523 

487 

452 

405 

Number  omitted  . 

1 

11 

0 

5 

59 

Number  wrong . 

59 

15 

62 

92 

85 

Per  cent  correct . 

89.0 

95.2 

88.7 

82.3 

73.7 

#  Problem  1 

I  find  that  ^ a  ^  =  4a  —  2a3  or  2a(2  —  a*) . 


Incorrect  results: 


(1)  2a(2  —  a) 

(15) 

a(l  -  2a2) 

(2)  2 

(16) 

4a2(4a  —  2a*) 

(3)  2a 

(17) 

2 

(4)  4a  —  2a* 

a* 

(5)  4a (1  —  2a4) 

(18) 

2a (2  -a*) 

(6)  4a -8a5 

(19) 

—  4a* 

(7)  2a ( —  aa) 

(20) 

4a  —  a* 

(8)  2a(2  +  a)  (2  —  a) 

(21) 

2a*  (2  -  a2) 

(9)  2 (2a  —  a3) 

(22) 

2(2 -a2) 

(10)  4a2 -2a8 

(23) 

—  2a(a  —  2)(a  -f  2) 

(11)  4a“2a3 

(24) 

a(l  —  a2) 

(25) 

8a*  (2  -  a2) 

(12)  a (2  —  a2) 

(26) 

14a* 

(13)  2a(l  +  <j)(l  —  a) 

(27) 

4  — 2a* 

(14)  [ —  2a(a2  —  2)] 

(28) 

4a  (1  —  8a4) 

Problem  2 

Find  the  sides  of  a  triangle  if  the  second  side  is  4  ft.  longer  than  the 
first,  the  third  side  6  ft.  longer  than  the  first,  and  the  perimeter  40  ft. 
The  equation  which  expresses  the  condition  of  this  problem  is  3x  +  10  =  40 
or  x  +  z  +  4  +  a;  +  6  =  40. 


Incorrect  results: 

(1)  P  —  2 (a  +  b) 

(2)  3x  +  10  =  24 

(3)  6x  +  20  —  40 

(4)  10  +  14  +  16  —  40 

(5)  x  +  4x  +  6x  =  40 

(6)  3x  +  6  =  40 


(7) 


x  +  6 


40 


(8)  3x  +  14  =  40 

(9)  3x  +  10  =  30 

(10)  3x  =  50 

(11)  40  =  6x  +  20 
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The  result  of  subtracting 
13a— 196  — 81. 

Incorrect  results: 


Problem  8 

-  5a  +  76  —  75  from  +  8a 


126  —  156  is 


(1) 

3a- 

-56-131 

(14) 

3a- 

56-23 

(2) 

3a- 

-  56  +  231 

(15) 

15a- 

-  196  -  81 

(3) 

13a- 

- 196  -  79 

(16) 

—  3a 

00 

1 

£ 

1 

(4) 

13a 

-  196  +  81 

(17) 

—  13a  +  196—1 

(5) 

3a- 

-  56  -  231 

(18) 

3a  — 

56  -  231 

(6) 

3a  - 

-  296  —  81 

(19) 

13a- 

- 156  -  81 

(7) 

13a 

—  296  -  81 

(20) 

13a  +  56  —  81 

(8) 

13a 

+  196  -  81 

(21) 

13a- 

- 196  -  75 

(9) 

13a 

-  196  -  231 

(22) 

3a- 

196  -  81 

(10) 

13a 

-  196  —  71 

(23) 

3a 

196  —  231 

(ID 

11a 

-  196  -  81 

(24) 

13a  +  96  -  141 

(12) 

-  13a  +  196  +  81 

(25) 

6a  — 

196  +  81 

(13) 

13a 

-  196  -  79 

(26) 

14a- 

- 196  -  81 

In  solving  the  formula  A  — 
Incorrect  results: 


Problem  4 

\h(b  +  6')  for  h,  I  find  that  h 
i 


2  A 

6  +  6' 


(1) 

a 

6 

a 

(2) 

6  +  6' 

2 

(3) 

26 

2a 

(4) 

2a 

26  +  26' 

(5) 

6  +  6' 

2  A 

(6) 

a 

26 

(7) 

2a 

26 

(8) 

a 

2(6  +  6') 

(9) 

a 

6  +  6' 

2a  —  b'h 

(10) 

6 

(ID 

M6  +  6') 

2 

U2)  *  (|) 

(13) 

2  A' 

(14) 


2(6  +  6') 
2  a 


(15)  (6  +  6') 


(17) 


(18) 


(19) 


2a  —  fib' 


2  a 


(46  +  46') 

(20)  h  =  4a(6  +  6') 
A 


(21)  4 

(22) 

(23) 

(24) 

(25) 


6  +  6' 
2A  —  hb' 
b 

26  +  26' 


6  +  6' 

46  +  46' 


(26)  f 
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Problem  5 

A  ladder  20  ft.  long  reaches  a  window  16  ft.  above  the  ground.  Assuming 
the  ground  is  level,  how  far  is  the  foot  of  the  ladder  from  the  foot  of  the 
wall?  The  equation  which  expresses  the  conditions  of  this  problem  is 
20*  =  16a  +  xa  or  400  =  256  +  xa. 

Incorrect  results: 

(1)  !£  =  JL 
20  16 

(2) §=Sin^ 

(4>I  =  C0SB| 

(5)*=I 


(6)  Cos  x 


16 


20 

(7)  x  =  20  -  16 

(8)  Sin  AB=~ 

(9)  Sin  72°  =  ^ 

(10)  x  =  144 

(11)  Sin  A=Q 

(12)  Log  tan  Z  A  = 

log  x 

(U)  *=§ 

(15)  20  :  x  =  x  :  16 

(16)  Tanz=ff  =  f 

(17)  Ji  =  i£ 
v  '  20  20 

(18)  ^  =  ^ 

(X  X 

(19)  x  +  36  =  180 


(23)  sin  36°  52'  =  ~ 

(25)  400  =  176  +  x* 

(26)  Sin  B  = 

(27)  log  tan  Z  A  =  ~  =  12 


(28)  a/20  =  Vl6a  +  x1 

(29)  400  =  ba  +  156 

(30)  log  sin  x  =  log  16  —  log  20 

(31)  tan  Z  a  —  — 

x 

(32)  x  =  anti  log  { log  16  —  log  tan 
[anti  log  sin  (log  16  —  log 
20)]} 

(33)  Sin  A  =  - 

c 

(34)  Cos  a  =  |j 
16 


(35)  AC  tan  [5307 

(36)  Log  tan  A  =  log  20  —  log  x 

(37)  tan  B  =  || 

(38)  log  sin  x  —  1.2041  -  1.3010 

«  !=? 


(40)  sin  x  =  16 

(41)  sin  A  = 


opposite 


hypotenuse 
(42)  16  =  20  —  x 
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Incorrect  results: 


(47)  sin  x=-^ 

(48)  16x  =  20  (or)  400 

(49)  20  —  16  —  4 


(50)  cos  74°  =  ~ 

(51)  x*  =  300,  x  =  10  V3 

(52)  hi  —  a9=b1 

(53)  A  =  - 


Date  Due 

Q  A 
'  £^3 
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